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Warning. This preprint is in finished form, and should be read- 
able by itself. However, the argument uses certain general prop- 
erties of Fukaya categories, the proofs of which will appear in [61] 
(under preparation). I apologize for this unsatisfactory state of 
affairs. 
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1. Introduction 

This paper deals with a special case of Kontsevich's "homological mirror sym- 
metry" conjecture [36]. Before formulating the precise statement, it is necessary 
to introduce the relevant coefficient rings. 



Notation 1.1. Let = C[[q]] be the ring of formal power series in one vari- 
able. We denote by Az its quotient field, obtained by formally inverting q. By 
adjoining roots q^^^ of all orders to Az, one obtains its algebraic closure Aq, 
known in symplectic geometry as the rational Novikov field. Elements of this 
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field are formal series 

m 

where m runs over all numbers in (l/(i)Z C Q for some d > 1 which depends 
on f, and Om € C vanishes for all sufficiently negative m. Geometrically, one 
should think of as a small disc, of as the punctured disc, and of Aq as 
its universal cover. Consider the semigroup End{Afq) of q-adically continuous 
C-algebra endomorphisms o/Apj. More concretely, these are substitutions 

with ip G gC[[g]]. Each nonzero ^ extends to an endomorphism of the quotient 
field, and the q-adically continuous Galois group of A^/C is the group of in- 
vertibles End{Afq)^ , consisting of those ip with ^'{0) ^ 0. Moreover, the Galois 
group of Aq/Az is the profinite group Z, whose topological generator 1 takes 

On the symplectic side of mirror symmetry, take any smooth quartic sur- 
face Xq C CP^, with its standard symplectic structure. To this we asso- 
ciate a triangulated category linear over Aq, the split-closed derived Fukaya 
category D^T{Xo), defined using Lagrangian submanifolds of Xq and pseudo- 
holomorphic curves with boundary on them. The use of formal power series to 
take into account the area of pseudo-holomorphic curves is a familiar device. 
Aq appears because we allow only a certain kind of Lagrangian submanifolds, 
namely the rational ones (there is also another restriction, vanishing of Maslov 
classes, which is responsible for making the Fukaya category Z-graded). 

On the complex side, we start with the quartic surface in P^^ defined by 

(1-1) yoyiy2y3 + qivo + yf + + yt) = ^■ 

Note that here g is a "constant" (an element of the ground field). The group 
Tie = {[diag{ao, 01,02,03)] : a| = 1, aoaia2a3 = 1} C PSL{V), Tiq ^ 
Z/4 X Z/4, acts on this surface in the obvious way. We denote by Z* the unique 
minimal resolution of the quotient orbifold. Non-algebraic-geometers may wish 
to remind themselves that Aq is an algebraically closed field of characteristic 
zero, so that all the geometric constructions like minimal resolutions go through 
as in the familiar case of C. In fact, Z* could already be defined over the smaller 
field Ax, since the fixed points of the action that need to be resolved are Ap- 
points. The associated category is the bounded derived category of coherent 
sheaves, D^Coh[Z*), which is also a triangulated category linear over Aq. 

Theorem 1.2. There is a £ End{Af>})^ and an equivalence of triangulated 
categories, 

D^J^iXo) ^ ^*D^Coh{Zl). 
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Here ^ is a lift of ^ to an automorphism of Aq , which we use to change the Aq- 
module structure of D^Coh{Z*), by letting ■(/;*/ act instead of /. The theorem 
says that the outcome of this "base change" is equivalent to D'"T{Xq). The 
choice of lift tjj is irrelevant because D^Coh{Z*) carries a Z-action (and so does 
D^HXo) by [17]). 

The function which occurs in the theorem is unknown at present (or rather, 
we cannot verify that it agrees with the standard "mirror map"). Neverthe- 
less, certain consequences can already be drawn from the result as given. For 
instance, let M* be the classifying space (or moduli stack, depending on the 
reader's preference) for smooth K'i surfaces equipped with an ample cohomol- 
ogy class A whose square is ^ • ^ = 4, and with a choice of nonzero holomorphic 
two- form. There is a canonical homomorphism 'K\[M*) — > 7ro(^iti(Xo)), which 
is defined by symplectic monodromy of families of K2> surfaces equipped with 
Kahler forms in the class A. On the other hand, since D'"T{Xq) is a symplectic 
invariant, we have a map 7ro(Aut(Xo)) — > Aut{D'^ !F{Xq) / Kq) where now 
Aut on the right hand side is the group of isomorphism classes of Ajj-linear 
autoequivalences, and we divide by the subgroup generated by even transla- 
tions. Actually, the monodromy maps obtained from loops in A^* are naturally 
graded, so the shift ambiguity can be removed, and we get a homomorphism 

(1.2) 'KiiM*) ^ Aut{D^Coh{Zl)/KQ). 

This had been postulated by several people, starting with Kontsevich himself. 
Interestingly, even though both AA* and D^Coh{Z*) are objects from algebraic 
geometry, there seems to be no definition of the map which avoids symplectic 
geometry and mirror symmetry. Previous work on Dehn twists [62] shows that 
(1.2) is highly nontrivial, but the exact kernel and cokernel remain unknown. 
Another direct implication of Theorem 1.2 is the equality of certain simpler 
invariants, such as the Grothendieck groups 

KoiD-^nX^)) ^ Ko{D'>Coh{Z;)) = Ko{Z;). 

Every object of the Fukaya category (in particular, every oriented Lagrangian 
sphere in Xq) determines a class in Kq{D'^J^{Xq)), and TTo{Aut{XQ)) acts lin- 
early on this group. On the other hand Ko{Z*) ® Q ^ CH^{Z*) (g) Q by 
Grothendieck's theorem, so it contains CHq{Z*) ® Q which is quite an interest- 
ing object. 

Having stated our result, it is maybe time to review briefly some other work 
on homological mirror symmetry. The first case to be considered was that of 
elliptic curves, where Polishchuk and Zaslow [50] proved a result roughly similar 
to Theorem 1.2, with an explicit mirror map ■0 but not taking into account 
the triangulated structure (subsequent work on Massey products [49] largely 
makes up for this deficiency). There are many beautiful and deep results on 
abelian varieties [19, 37, 14, 46], but none of them comes close to describing the 
entire Fukaya category. A common thread of all these papers is to establish an 
explicit bijection between objects on both sides (Lagrangian submanifolds and 
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sheaves). The prevaihng view is that this correspondence should be set up as 
a Fourier-Mukai type transform associated to a Strominger-Yau-Zaslow torus 
fibration. This is the approach of [37], in the situation where the SYZ fibration 
has no singularities, and where the Lagrangian submanifolds are supposed to 
be transverse to the fibres. Both restrictions are serious ones from the point of 
symplectic topology: work on removing them has started, see in particular [19], 
but it may be some time before a complete thery emerges. 

Actually, this entire circle of ideas is of little importance for our proof (although 
the SYZ conjecture does serve as a source of intuition in some places). We rely 
instead on techniques from symplectic topology and homological algebra, which 
are maybe closer to the spirit of Kontsevich's original paper. The computation 
on the algebraic geometry side relies on a classical idea of Beilinson, together 
with a Massey product computation which the author learned from [13]. On 
the symplectic side, where the overwhelming majority of the work is invested, 
there are three steps, namely (slightly simplified, and in reverse logical order): 

• First, we prove that D'^!F{Xq) can be entirely reconstructed from the full 
Aoo-subcategory of J-{Xq) consisting of a particular set of 64 Lagrangian 
two-spheres, which are vanishing cycles for the standard Fermat pencil 
(the choice of these cycles is best explained by physics considerations, 
compare for instance [31]). The necessary "split-generation" argument 
resembles the ones in [61], with some added geometric input concerning 
the monodromy around the singular fibre at infinity. 

• By construction, all 64 vanishing cycles lie in an affine Zariski-open 
subset Mq C Xq. Following a proposal from [59] the relation between 
the Fukaya categories J-{Mq) and J-{Xq) can be formulated in terms 
of the deformation theory of ^cxD-structures. This recourse to abstract 
deformation theory is the reason why we cannot determine ip explicitly. 

• Having reduced our problem to a finite collection of Lagrangian two- 
spheres in an affine K2> surface, we now apply a general dimensional 
induction argument from [61] to compute the relevant subcategory of 
T{Mq). This starts with an application of Picard-Lefschetz theory in 
one dimension lower than before, fibering our K'i surface by a pencil of 
curves. 

The last-mentioned argument involves a certain amount of computation, of 
a combinatorial (drawing loops on surfaces, and counting polygons) and ho- 
mological (determining morphisms between certain twisted complexes in A^o- 
categories) nature. Although the algorithm is simple, the computations them- 
selves are not particularly enlightening, and in fact a computer was used to do 
parts of them. The reason why this step in the proof is less transparent is that, 
unlike the previous two, it has no known meaning in terms of the mirror. This 
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is partially due to the fact that the fibres of our pencil are curves of genus 3, 
hence outside the scope of mirror symmetry. 

In principle, the approach taken here is fairly general. Suppose for instance 
that one wanted to adapt it to the quintic threefold case. The deformation 
theoretic part actually becomes easier since, unlike the situation for K3s, there 
are no noncommutative deformations of the mirror variety. On the other hand, 
the definition of the Fukaya category is much more complicated [18], and one 
would have to generalize the twist exact sequence [60] accordingly, but these 
are on the whole technical issues. There are also some elementary geometric 
complications, which arise where we have relied on intuition provided by the 
SYZ conjecture. The final obstacle is in the computational part, where the 
procedure remains precisely the same but the complexity rises by a factor of at 
least 10. This raises serious practical concerns, but it may still be feasible, or 
one can try to find a more conceptual way of carrying it out (ideas of Moishezon 
might prove helpful, see the comments and computations in [5]). 

The paper is structured as follows. In the first two parts we assemble the 
basic algebraic (Sections 2-5) and geometric (Sections 6~9) techniques. Much 
of this is not really new, but the application to mirror symmetry often results a 
change of perspective, which means that it is hard to find the theorems stated 
elsewhere in the form in which we need them. The level of generality varies 
somewhat: we have tried to include generalizations which were reasonably easy 
or natural, and to exclude those which are either irrelevant to homological 
mirror symmetry, or which would require a significant amount of additional 
techniques or terminology. The last part of the paper (Sections 10-11) contains 
the argument which is really specific to the quartic surface, including figures 
and tables which list the results of the computational step. The aim of that was 
to give enough data so that the reader desirous of verifying the computation 
independently could break up that process into manageable steps. 

Acknowledgments. This paper could not have been written without the as- 
sistance of Michael Douglas, who showed me the "quiver presentation" of the 
derived category of coherent sheaves which appears as the algebras Q4 and 
Qq4 in this paper, and also the crucial Massey product formula (Lemma 10.8) 
from [13]. Maxim Kontsevich helped me in many ways, one of them being the 
Hochschild cohomology computations for semidirect products (Lemma 4.2). Si- 
mon Donaldson introduced me to the notion of matching cycle, on which the 
main dimensional induction procedrure is based. To all of them, thanks! ETH 
Ziirich invited me to give a lecture course on Fukaya categories, and provided 
a responsive audience on which parts of this paper were tested. The following 
computer programs have been used: SINGULAR for elimination theory, MATHE- 
MATICA for visualization, and maple for the homological algebra part. 
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2. Aoo-CATEGORIES 

This section is designed to serve as quick reference for the basic algebraic ter- 
minology, for the benefit of readers with a geometry background. The main 
construction is that of the bounded derived category of a Aoo-category, fol- 
lowing Kontsevich [36]. We then consider the idempotent (Karoubi, or split- 
closed) completion, and the corresponding notion of split-generators. A brief 
look at twist functors and exceptional collections completes the tour. Some 
references for more in-depth treatments of various matters touched on here are 
[35, 34, 40, 55, 18, 16, 61]. 

(2a) A non-unital ^oo-category C consists of a set (all our categories are small) 
of objects ObC, together with a graded C-vector space homc{XQ, Xi) for any 
two objects, and multilinear maps 

(2.1) : homc{Xd-i,Xd) (2) • • • ® homc{Xo,Xi) — > homdXo, Xd)[2 - d] 

for all d > 1 and all {d + l)-tuples of objects {Xq, . . . , X^), satisfying the A^c- 
associativity equations 

(2-2) ^(-l)>^"'=+^(ad, . . . ,ai+e+i,/ic(ai+e, ■ ■ ■ ,ai+i),ai, . . . ,ai) = 0, 

e,i 

where * = |ai| + • • • + |aj| — i (the decreasing numbering of the is the result of 
trying to bring together various standard conventions). The underlying (non- 
unital) cohomological category H{C) has the same objects as C, with 

Hom},^cMo,Xi) = H*{homc{Xo,Xi),fil) 

and composition induced by the cochain level map 0201 = (— l)l'^^l^^(a2, ai). 
There is also the full subcategory H^{C) which retains only the morphisms 
of degree zero. One says that C is c-unital (cohomologically unital) if H^{C) 
has identity morphisms. It is true, but by no means obvious, that this is a 
good class of Aoo-categories to work with: the proofs of many properties rely 
on the fact that c-unitality turns out to be equivalent to the less flexible but 
more visibly well-behaved notion of strict unit [40, 61]. From now on, all A^o- 
categories are assumed to be c-unital. Similarly, when considering y4oo-functors 
T : C ^ T), we always require that H[T) : H{C) H{T>) be unital (carries 
identity morphisms to identity morphisms). J- is called a quasi-equivalence if 
H{T) is an equivalence. One can prove that then, there \s & Q : T) ^ C such 
that H{Q) is an inverse equivalence to H{T). 

Remark 2.1. A linear category with one object is the same as an associative al- 
gebra, and similarly, an A^o-category with one object is an A^-algebra. Slightly 
more generally, given a category C with only finitely many objects Xi, . . . , 
one can form the total morphism algebra 

A = ^Homc{Xj,Xk) 
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which is linear over the semisimple ring Rm = C © • • • © C (m summands) . 
Again, the same holds for A^d- categories versus Rm-Hnear A^o- algebras, and we 
will use that frequently. Our notation will be that ui, . . . , are the orthogonal 
idempotents in Rm, so UkAuj = Homc{Xj, X^). 

Remark 2.2. For concreteness, we stick to the ground field C for our exposition 
of the basic algebraic theory, but any other field would do just as well (later on 
though, we will make use of deformation theoretic ideas which work best in 
characteristic 0). Defining A^o- categories over a ring is a more difficult issue, 
and the only simple solution is to assume that all the horn spaces are projective 
modules. That of course holds automatically for the semisimple rings Rm- The 
only other ring of interest to us is A^, which requires special treatment because 
of its topology. Recall that for a A^-module Vq which is q-adically complete, 
the following conditions are equivalent: (1) Vq is torsion-free, which means that 
multiplication by q is an injective endomorphism; (2) Vq is topologically free, 
which means that projection Vq ^V to the vector space V = V^®Ag C = Vq/qVq 
can be lifted to a topological isomorphism Vq V^Afq. A topological A^o- 
algebra over consists of a graded Afq -module Aq such that each degree k 
piece is complete and torsion-free. If H{Aq) is torsion-free, it is automatically 
also complete. 

(2b) The twisted complex construction embeds C into a larger Aoo-category 
which is closed under (appropriately understood) mapping cones. This can be 
broken into two steps: 

(1) The additive enlargement EC has objects which are formal sums 

where F is some finite set, Xf £ ObC, and crj G Z. The morphisms 
between any two objects are 

Wsc ( Xfiaf], Yg[Tg]) = homciXf, y,)[r, - aj], 

f&F g&G f,g 

and the compositions are defined using those of C and the obvious "ma- 
trix multiplication" rule, with additional signs put in as follows: for 
ai e hom{Xo[ao], Xi[ai]), . . . , Od £ hom{Xd-i[ad-i], Xd[ad]), 

fiici(^d,---,ai) = (-l)'">^(ad,...,ai). 

(2) A twisted complex is a pair (C, 6) consisting of C G Ob T,C and 6 € 
hom^{C,C), with the "upper triangularity" property that the index- 
ing set F for C = ®f^pCf can be ordered in such a way that all 
components 6fg with f > g are zero, and subject to the generalized 
Maurer-Cartan equation 
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Upper triangularity says that this is a finite sum, hence the condition 
makes sense. We define an ^oo-category TwC of which the (C, 6) are 
the objects. The spaces of morphisms are the same as for SC, but 
composition involves the 5s: for ak G hom{{Ck-i, 5k-i), {Ck,6k)), 

3d jd-1 

fJ'TwciO'd, ■ ■ ■ ,ai) = ^ fi^c{6d, . . . ,6d,ad,6d-i, ■ ■ ■ ,Sd-i, . . .). 

jo,...,jd>0 

The c-unitality of C implies that of TwC. The underlying cohomological cat- 
egory in degree zero, which means we retain only the of the morphisms 
spaces, is (somewhat improperly) called the bounded derived category D^{C) = 
H^iTwC). Given two twisted complexes {0^,6^), k = 0,1, and a morphism 
a G hom^{Co,Ci) such that fJ-^^ci'^) ~ ^' define the mapping cone as 

usual: 

Cone{a) = {Cq ^ Ci} '^^^ (Co[l] © Ci, (^^^ °J ) G ObTwC. 

The isomorphism class of this in the derived category depends only on the 
cohomology class a = [a] £ Hom^b^c^{Co,Ci), hence we will sometimes write 
sloppily Cone{a). Declare exact triangles in the derived category to be those 
which are isomorphic to the standard mapping cone triangles Co — > Ci — > 
Cone{a) Co[l]. This makes D^{C) into a triangulated category. It contains 
H^{C) as a full subcategory, and the objects of that subcategory generate D^{C) 
in the usual triangulated sense, that is, any object of D^{C) can be obtained 
from objects of H^{C) by successive mapping cones and isomorphism. However, 
this does not mean that H^{C) determines D^{C). For instance, triangulated 
categories have intrinsically defined Massey product operations [20] , and in our 
case these involve the higher order /x^. 

The idempotent completion of an arbitrary linear category has objects which are 
pairs {X,p), where X is an object of the original category and p G Hom{X,X) 
an idempotent endomorphism. One thinks of this as the "direct summand 
im{p)" , and so Hom{{XQ,pQ), {Xi,pi)) = piHom{Xo, Xi)po. It is proved in [6] 
that the idempotent completion of a triangulated category is again triangulated, 
in a unique way which makes the inclusion X i— > {X, idx) into an exact functor. 
The result of applying this construction to the bounded derived category of an 
-^oo~cate gory is called the split-closed derived category D'^{C). Suppose that we 
have a set of objects in an idempotent complete triangulated category; these 
are called split- generators if one can obtain any object from them by successive 
mapping cones, splitting off direct summands, and isomorphism. 

Here are some obvious but useful facts about derived categories: 

Lemma 2.3. If two A^o- categories are quasi- equivalent, their derived categories 
D'> and D'" are equivalent triangulated categories. 
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Proof. Any Aoo-functor T : C ^ T) admits a canonical extension Tw!F : 
TwC TwV, and D^J' = H^{TwT) : D^{C) D^{V) is exact (it takes cones 
to cones). Suppose that is a quasi-equi valence, and consider the subcategory 
of D^[C) consisting of those objects X such that D^T maps Hom*[X,Y) iso- 
morphically to Hom*{D^T{X),T{Y)) for ah Y G ObH^{C). By assumption 
this subcategory contains H^{C), and it is a standard exercise to show that it 
is triangulated, so it is the whole of D^[C). Repetition of the argument proves 
that D^T is full and faithful. Its image is a triangulated subcategory of D^{V) 
which, up to isomorphisms, contains all objects of H^{'D). Since these are gener- 
ators for D^{T>), we conclude that D^{J^) is an equivalence. The corresponding 
statement for follows immediately. □ 

Lemma 2.4. Let C d C a full A^o- subcategory such that the set of all objects of 
C split- generates D^{C). Then D^{C') = D^(C) as triangulated categories. 

Proof. Inclusion induces a full and faithful functor D'^{C') D'^iC), the 
image of which contains the objects of H^{C') and is closed under cones and 
idempotent splittings. □ 

Combining the two previous Lemmas, we have 

Lemma 2.5. LetC,T> be two Ao^-categories. Suppose that they contain full A^o- 
subcategories C G C,T>' G T> which are quasi- equivalent to each other. If the 
objects ofC',T>' split- generate D'^(C) respectively D'^(T>), then these two derived 
categories are equivalent. □ 

(2c) Let C be a C-linear triangulated category, and X, Y two objects such that 
Hom*(j{X, Y) = Homc{X,Y[k]) is finite-dimensional. Then one can form 

two new objects Tx{Y), Ty(X) which fit into exact triangles 

Tx{Y)[-l]^Hom*c{X,Y)®X ^Y ^Tx{Y), 

T^{X) X ^ Hom*c{X,Yy ®Y ^T^{X)[l]. 

The notation means that we choose a homogeneous basis {fk} of Hom*{X,Y), 
set Hom*{X,Y) X = 0/; ^[— &9(/fc)], and take the evaluation map ev = 
®k fk[—k]- The dual map eu^ is defined in the same way. These algebraic twist 
and untwist operations are well-defined up to non-unique isomorphism, and the 
isomorphism type of the new objects depends only on those of X and Y. 

The construction becomes somewhat more functorial in the case where C = 
D^{C) is the bounded derived category of an ^oo-category C such that (1) the 
cochain level morphism space homTwci^^^) itself finite-dimensional, and 
(2) X has a strict cochain level identity morphism ex- One can then form 
the tensor product hom{X,Y) <^ X £ ObTw{C), which is a finite direct sum of 
shifted copies of X with a differential lj\om(x y) '2?>ex, and TxiY) can be defined 
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twisted complex: 

(2.3) TxiY) = {hom*iX,Y)0X — >Y}. 

In fact, if the finite-dimensionality condition holds for all Y, one can realize Tx 
by an Aoo-endofunctor of TwC, inducing an exact functor on D^{C). Similarly, 
if (1) holds and (2') Y has a strict cochain level identity morphism ey, then 
Ty (X) = {X — > hom*{X, Y)'^iSiY} will do. Fukaya categories are not in general 
strictly unital, so the previous observation does not apply directly to them. This 
can be remedied, but instead of entering into a full discussion, we just record 
the technical statement that will be used later on: 

Lemma 2.6. Let C be a c-unital A^o-category whose hom spaces are finite- 
dimensional, and X, Y, Z objects of it. Any pair 

k e hom^c ^) ' ^ : ^omc (X, Y) — > home \- 1] 

satisfying 

(2.4) f^cik) = 0, fihh{a) + h{ij'ca) + f^cik,a)=0 

for all a G homc{X,Y), determines a morphism Tx{Y) Z in D^{C). This is 
an isomorphism if for all objects W ofC, the following complex of vector spaces 
is acyclic: 

{hom{X,Y) hom{W, X))[2] ® hom{W,Y)[l] ® ho7n{W, Z), 

(2.5) (9(o2 ® ai,6,c) = (^^(03) 0ai + (-l)l"2l-ia2 ® ^c(ai)' W 

+ fil{a2,ai),-fil{c) + Hc{k,b) + fil{k,a2,ai) + fi^ {h{a2) , ai)) . 

Proof. Suppose first that C is strictly unital. Then {k, h) do indeed define a 
//^-closed cochain level morphism from the object Tx{Y) as defined in (2.3) to 
Z. Composition with this morphism is a map of complexes of vector spaces 

homTn^c{W,Tx(Y)) homc{W,Z) 

and (2.5) is the mapping cone of it, so the assumption that this is acyclic means 
that our morphism induces isomorphisms 

Hom*^,^c^{W,Tx{Y)) ^ Hom*j,,^c^{W, Z) 

for all W G ObC. A straightforward long exact sequence argument extends this 
to objects W in the derived category, and then the Yoneda Lemma implies that 
Tx(Y) ^ Z. 

In the c-unital case, one argues as follows. There is a differential graded category 
= J^un{C, Ch) of c-unital 74oo-functors from C to the dg category Choi finite- 
dimensional chain complexes over C, and a natural j4oo-functor C ^ C^, which 
on cohomology is full and faithful. This extends to an j4oo-functor TwC , 
which induces a full embedding of triangulated categories D^{C) ^ H'^{C^). 
Since is strictly unital, one can define the object Tx{Y) in i?°(C^) as m 
(2.3); of course, this will be non-canonically isomorphic to the object of the 
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same name in tlie subcategory D^{C). By unravelling the definitions one sees 
that the pair {h,k) gives a morphism TxiY) Z in H^^C"^); one proves as 
before that this is an isomorphism. □ 

Lemma 2.7. Let C be a C-linear idempotent closed triangulated category, such 
that Hom*(j{X, Y) is finite- dimensional for all X,Y . Take a collection of objects 
Xi, . . . , Xm and another object Y , and consider the sequence of objects Yq = Y , 
Yd+i = Txi ■ ■ .Tx^{Yd). Suppose there is a d > such that Homc{Y,Yd) = 
(that is, there are no nontrivial morphisms of degree zero). Then Y lies in the 
idempotent closed triangulated subcategory of C split- generated by Xi, . . . ,Xm- 

Proof. By definition, we have exact triangles 

(2.6) Tx,^, ...Tx^ (Y,) . Tx,... Tx„, {Y^) 




Hom*c{X„Tx,^^...TxMj))®X, 

The octahedral axiom allows us to conflate these, for all i and all j < k, into a 
single exact triangle 

(2.7) Y Yd 




Rd 

where Rd is an object built by taking repeated mapping cones from the objects 
in the same positions in (2.6), hence which lies in the triangulated subcategory 
generated by Xi, . . . ,Xm- The assumption says that the — > in (2.7) must be 
zero, hence Rd = Y (B Yd[-1]. □ 

Our applications of this Lemma will be along the following line: if C = V^^C) 
and there are fixed Xi,... ,Xm S ObH^{C) such that any Y £ ObH^{C) has 
the property required above, then the are split-generators for D'^(C). 

(2d) Let be a linear graded category with only finitely many objects 
{Xi, . . . , Xm), ordered in a fixed way. We say that is directed if 

f i>j, 
(2.8) Hom*c^ iXi,Xj)=lc- idx, i = j, 

I finite-dimensional i < j. 

If C is a linear C-graded category with finite-dimensional Hom*^s, and F = 
{Xi, . . . , Xm) an ordered finite family of nonzero objects in it, we can define the 
associated directed subcategory to be the subcategory C C with the same 
objects, which is directed and satisfies Hom'^-,{Xi, Xj) = Hom*(-,{Xi,Xj) for 
i < j. This is a full subcategory iff the Xi form an exceptional collection, which 
means that their morphisms in C already satisfy the conditions of (2.8). 
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Similarly, let be an Aoo-category with objects {Xi, . . . , Xm)- We call it 
directed if the /lom-spaces satisfy the same conditions as in (2.8), with the ad- 
ditional condition that there are generators of hom(Xi, Xi) which are units in 
the strict sense. Given a finite collection of objects (Xi, . . . , X^) in an arbitrary 
j4oo-category C with finite-dimensional /lom's, one can define an associated di- 
rected Aoo-category C~* by requiring that honic^{Xi, Xj) = honidXi, Xj) for 
i < j, and //^^ (a^, . . . , ai) = //^(ad, ■ ■ ■ , ai) for all Uk G hom{Xi^_^, Xi^^) with 
io < ■ ■ ■ < id- This is not really an ^doo-subcategory of C (unless that happens 
to have strict units), but after some more work one can still construct an A^o- 
functor — > C which maps the hom{Xi, Xj), i < j, trivially. We will therefore 
tolerate a slight abuse of terminology, and call C~* the directed A^o -subcategory 
associated to {Xi, . . . , Xm)- 

The main interest in exceptional collections and directed categories comes from 
the notion of mutations. Occasional glimpses of this theory will be visible later 
in the paper, in particular in Section 9, but it is not strictly necessary for our 
purpose, so we will just refer the interested reader to [55, 35, 58]. 



We need to put together some material (well-known in the right circles) from 
the classification theory of Aoo-structures. Using the Homological Perturbation 
Lemma [26], the "moduli space" of quasi-isomorphism types of ^oo-algebras 
with fixed cohomology algebra can be written as the quotient of an infinite- 
dimensional space of solutions to the ^oo-equations, by the action of an infinite- 
dimensional "gauge" group. There is a canonical base point, represented by the 
trivial 74oo-structure (the one where the higher order composition maps are 
all zero). The formal "Zariski tangent space" at this point is a product of 
suitable Hochschild cohomology groups of the cohomology algebra. Moreover, 
the "moduli space" carries a C-action which contracts it to the base point. As 
noted by Kadeishvili [32] , this implies that the "tangent space" already carries a 
lot of information about the "moduli space" . A more straightforward argument 
along the same lines applies to the classification of infinitesimal deformations 
of a fixed possibly nontrivial ^oo-structure, using a suitable generalization of 
Hochschild cohomology [21]. We will recall these and some similar ideas, aiming 
in each case for uniqueness results with easily verifiable criteria, tailored to the 
specific computations later on. The proofs are exercises in abstract deformation 
theory a la Deligne [22], and we postpone them to the end. 

(3a) Let A be a graded algebra. Consider the set 2l(^) of those ^oo-algebras A 
whose underlying graded vector space is A, and where the first two composition 
maps are 



3. Deformation theory 




fJ'A = 0> ^3l(a2, ai) = (-l)l"ila2ai. 
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This means that the cohomology algebra is H{A) = A itself. A, A' E 2t(yl) 
are considered equivalent if there is an Aoo-homomorphism G : A ^ A' whose 
underlying linear map is = id^- After writing out the relevant equations, of 
which the first one is 

f^A'{a3,a2,ai) = //^^(aa, 02, ai) 

(3.2) + G\as, fi\{a2, ai)) + {-l)\^'\~'G\fi^Ai(^3, «2), ai) 

- At^(a3,C?^(a2,ai)) - //^(^/^(aa, 02), ai), 

one sees that A and G determine A' completely, and that there are no constraints 
on ^. In other words, one can define a group &{A) of gauge transformations 
which are arbitrary sequences of multilinear maps {G^ = idA,G^ : A(g)A ^ 
A[—l], . . . }, and then (3.2) and its successors define an action of &{A) on 21(^4), 
whose quotient is the set of equivalence classes (this becomes entirely transpar- 
ent in a geometric formulation, where it is the action of formal noncommutative 
diffeomorphisms on integrable odd vector fields). Additionally, there is a canon- 
ical action of the multiplicative semigroup C on 21(A), by multiplying /j'^ with 
e"^"^, which we denote by A 1— > e*A. For e 7^ 0, it is still true that A is iso- 
morphic to e*A, even though not by a gauge transformation: the isomorphism 
is multiplication by e'' on the degree k component. The C-action obviously 
descends to 21(A) /©(A). 

The main justification for imposing conditions (3.1) is the Homological Per- 
turbation Lemma, which says the following. Let B be an Aoo-algebra with an 
isomorphism F : A — > H{B). Then one can find an Aoo-structure A on A satis- 
fying (3.1) and an Aoo-homomorphism : A ^ B such that H{T) = F. This 
establishes a bijection 

21(A) ^ {pairs {B,F -.A^ H{B))} 

0(A) {Aoo-quasi- isomorphisms compatible with F} 

Remark 3.1. The construction of A is explicit: take maps 

(3.3) TT-.B^A, X:A^B, h : B ^ B[-l] 

such that vr/ig = 0, /i^A = (with the map induced by X on cohomology being 
F), 7rX = idA, Xtt = idQ + fi^h + hfi^. Then is a sum over planar trees with 
d leaves and one root. The contribution from each tree involves only the /i^ for 
k at most d, and the auxiliary data (3.3) (this particular formulation is taken 
from [37] For instance, writing = A(afc) one has 

(3.4) /U^(a4, 03,02,01) = 7r/x|(64, 63, 62,^1) + 

7r//|(/i//|(64, 63, h), bi) + 7r/x|(64, Vl(&3, bi)) + 
'Kli%{hii%{bi, 63), 62, 61) + 7r/x|(&4, h^%{b3, ^2), ^1) + 
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7r/i|(64, ^3, hfil{b2, bi)) + 7r/_4(/i/u|(64, ^3), ^1(^2, &i)) + 
7r/i|(/i/i|(VB(^4, ^'3), ^2), fei) + iTfil{hfil{bi, /i//|(63, ^2)), ^1) + 
7r//|(64, hnl{hfil(b3, 62), ^1)) + T^lAibi, hfi^ibs, /i/x|(62, ^i)))- 

The Hochschild cohomology of A is a bigraded vector space. In our slightly 
unusual notation, elements of HH''~^''(A, A)^ are represented by cocycles r S 
CC'^''"*(^, ^)*, which are multilinear maps r : ^4®* — > A of degree t. Suppose 
that for A G 21(A), the compositions vanish for 2 < s < d. Then /u^ is a 
Hochschild cocycle; its class 

the order d deformation class of A, forms the obstruction to making /xjj trivial by 
a gauge transformation which is itself equal to the identity to all orders < d—1. 
In particular, if all the obstruction groups HH'^{A, A)^~'^ , s > 2, are zero, 
^{A)/&{A) reduces to a point, which means that each ^oo-algebra structure 
on A can be trivialized by a gauge transformation (this is the intrinsically 
formal situation from [27, 32]). A slightly more general result allows the total 
obstruction group to be one-dimensional: 

Lemma 3.2. Suppose that there is some d > 2 such that 
HH^{A,Af-'^ = C, 

HH^{A, A)^-" = for all s > 2, s d. 

Suppose also that there exists an A £ 2t(A) such that /i^ = for 2 < s < d, and 
whose deformation class is nonzero. Then any A' G 21(A) is equivalent to 
e*A for some e G C, which means the C-orbit of [A] is the whole 0/ 21(A) /©(A). 

We say that A is versal. All other problems that we will consider have the 
same structure: a set of equivalence classes described as a quotient, often in- 
volving the appeal to some kind of Perturbation Lemma; an additional group 
of reparametrizations acting on the quotient; a suitable version of Hochschild 
cohomology, and notion of deformation class; and ultimately, results expressing 
intrinsic formality or versality. 

Remark 3.3. Lemma 3.2 can be somewhat generalized, even though that does 
not fit in as well with our general philosophy as the original statement. The 
generalization goes as follows: suppose that HH'^{A, A)^~^ = for all s > 2 
except s = d, with HH^{A, A)^""^ arbitrary. Then every point in 21(A) /©(A) has 
a representative A with /x^ = for 2 < s < d; and if two such representatives 
A, A' have the same order d deformation class, they are equivalent. 

(3b) Let A be an Aoo-algebra. A one-parameter deformation of ^ is a topolog- 
ical Aoo-algebra Ag over A^, whose underlying graded vector space is A-^A^, 
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and whose composition maps reduce to those of A if one sets q = 0. More 
concretely, 

t^X =f^A + Qf^X,! + '7Vi,2 + • • • = + 0{q), 
where each coefficient is a C-linear map A®"^ A[2 — d]. Two one-parameter 
deformations are equivalent if there is a A^-linear ^oo-homomorphism Qg : Aq — > 
A'q between them of the form 



(3.5) g. 



\id + 0{q) d=l, 
\0{q) d>l. 

Let ^q{A) be the set of all one-parameter deformations, and &q{A) the group 
of sequences of multilinear maps {Gl,Gq, ■ ■ ■} on ^(8)An which satisfy (3.5). 
Then ^q{A)/(5q{A) is the set of equivalence classes. The semigroup End{Af^) 
acts on ^q{A) by reparametrizations q ^ ip{q); we denote the action by Aq ^ 
tp*Aq. In this context, versality therefore means that the £'n(i( AN)-orbit of some 
equivalence class [A,^ is the whole of %q{A) / ^ q{A) . 



Remark 3.4. We will also occasionally use terminology from finite order de- 
formation theory. An order d infinitesimal deformation of A would he an A^o- 
algebra Aq as before, except that the ground ring is now C[[q]]/q'^+^. The notion 
of equivalence is obvious. Of course, a one-parameter deformation can be trun- 
cated to any desired finite order in q. 



Hochschild cohomology generalizes to Aoo-algebras [21] as a graded (no longer 
bigraded) space HH*{A,A). Consider CC'^{A,A) = Us+t=dHomc{A®-' ,A[t]) 
with the Gerstenhaber product 

(3.6) {a o T^iad, . . . , ai) = J^(-l)V'^--''+i(arf, . . . , r^ (a,+,-, . . . , a,+i), . . . , ai), 

id 

where jl = (|r| — l)(|ai| -|- • • • -|- \ai\ — i), and the corresponding Lie bracket 
[o-,t] = f70T-(-l)(l'^l-i)(l^l-^)rof7. As /i;^ itself lies in CC2(^,^) and satisfies 
//^ o //^ = by definition, one can define a differential 6t = [/i^,r], and this 
is the Aoo version of the Hochschild differential. Filtration by length yields a 
spectral sequence with 

E'/ = HH'+\A,AY 
for A = H{A), and this converges to HH*{A,A) under suitable technical as- 
sumptions (for instance, if the nonzero terms in the E2 plane are concentrated 
in a region cut out by t < ci, t > C2 — C3S for ci, C2 arbitrary and C3 < 1). If 
(i > 3, is the first nonzero higher order composition, then the first potentially 
nontrivial differential in the spectral sequence is 

(3.7) 5,., = [m% .] : E'/ Es+d-w-d 

where [•,•] is the Gerstenhaber bracket on HH*^^{A,A), and is the order 
d deformation class. Actually, the spectral sequence is a quasi-isomorphism 
invariant, so that one can study it under the assumption (3.1). Then, either 
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A is equivalent to the trivial Aoo-structure on A and the spectral sequence 
degenerates; or else, after using gauge transformations to make as many higher 
order terms zero as possible, one encounters a nontrivial deformation class 
for some d > 2. In that case, taking the Euler element r G HH^{A,A)^ given 
by the derivation which is k times the identity on A^, one finds that 

(3.8) K,r] = (d-2)m^. 

By (3.7), 6d-i is nonzero and kills m'^ G sj'^''^ = HH^{A,Af-'^. 

Having come this far by straightforward adaptation of the previously used 
notions, we encounter a slight snag, which is that the deformation problem 
governed by HH*{A,A) reaches beyond the class of ^oo-algebras into that of 
"curved" or "obstructed" ones. To exclude these additional deformations, one 
can proceed as follows. Let A be an ^oo-algebra with /i^ = 0. The truncated 
Hochschild cohomology is a graded vector space HH*{A,A)-'^^ built from the 
subcomplex CC*{A,A)-'' of Hochschild cochains r : A®"" A[t\ with t < 0. 
There is a spectral sequence leading to it as before, where now 



(3.9) E^/ 



HH'+\A,Af t<0, 

otherwise. 



All remarks made above carry over to this modification, including (3.8) be- 
cause the Euler element lies in (3.9). For the application to deformation theory, 
consider the subset 2lg(^)-° C ^q{A) of those one-parameter deformations Aq 
during which the differential remains trivial, = 0. This still carries actions 
of &q{A) and of End{K'^). The order q term of a deformation of this kind 
defines a primary deformation class 



mX = [^iXA]^HH\AAy 



which is the obstruction to transforming Aq into a deformation of order (or in 
other words, making the associated first order deformation trivial). The desired 
versality result is: 



Lemma 3.5. Suppose that HH^{A,A)-" = C. Let Aq be a one-parameter de- 
formation with /i^ = 0, whose primary deformation class is nonzero. Then Aq 
is versal in %{A)-" /(5q{A). 



Take an arbitrary Aoo-algebra B, and use the Perturbation Lemma to find an 
A with = and a quasi-isomorphism T : A ^ B. Suppose that Bq is a 
one-parameter deformation of ;S such that H{Bq) is torsion-free. Then H{Bq) = 
H{B)®K-^ non-canonically, and a straightforward extension of the Perturbation 
Lemma allows one to construct a one-parameter deformation Aq of A with 
vanishing differential, and an J^q : Aq ^ Bq which deforms JT. This in fact 
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yields a bijection 
(3.10) 



%{A)^° ^ {Bg G %{B),H{Bq) torsion-free} 



(3c) Lemma 3.2 is essentially sufficient for our needs, but Lemma 3.5 is not, 
since HH^{A, ^)-° turns out to be too large in our example. This means that we 
need to restrict the class of allowed deformations further, so as to whittle down 
the dimension of the relevant "moduli space" to one. The solution adopted here 
(largely motivated by the desire to minimize work on the symplectic geometry 
side later on) is to consider Aoo-algebras equipped with an automorphism, and 
deformations of those. In fact, to turn this into a standard deformation problem, 
we replace the automorphism by its graph, which is an Aoo-bimodule. 

Some background (see [66] for a more detailed exposition): to any ^doo-algebra A 
one can associate the dg category A-A of ^oo-bimodules. An object is a graded 
vector space M with operations : ^'^■^ ® M ^ A'^'^ ^ A^[l — e — /], for 
all e, / > 0, satisfying certain structural equation, and also subject to a certain 
c-unitality condition (see below). The cochain space of morphisms M ^ M 
degree k is the space of sequences of multilinear maps /J-'^'*^ : A^^ MdS) A'^'^ 
M[k — e — /]. Note that itself is an element in hom^{M.,M.). To give 
explicit formulae for the dg structure, it is best to start with composition of 
morphisms, which is somewhat similar to the Gerstenhaber product: 

(7 o PV'^ibf, ...,bi,m,ae,...,bi) = 

= ^{-l)h^~^'\bf, bj+i,P^'''-'{bj, . . . , m, . . . , a,+i), ai, . . . , ai), 

where f = |/3|(|ai| + ••• + |ai| — i). We also have a preliminary version of the 
differential, involving only the ^00-structure of A: 

{-lf\+^{5p,,P)f'-{bf, ...M,m,ae,...,ai) = 

= ^{-lyp^'^'^^^ibf, . . . ,m, . . .,ai+j+i,fi\{ai+j, . . . ,ai+i),ai, . . . ,ai) 

+ ^{-l)^P^''^'^^'''{bf, . . . ,6i+j+i,/i^(5i+j, . . .,bi+i),bi,.. . ,m, . . . ,ai), 

with * as in (2.2) and t] = |ai| + • • • + \ae\ + |m| + + • • • + \bi\ — e — 1 — i. 
This satisfies 6^^.^ = and (^prc(7 o /?) = '^prc(7) o /5 + (— 1)'''''7 ° ^prc(/3)- Having 
that, one can write the structural equations of an y4oo-bimodule as 

(3.11) Vc/«*'* + /«*'* ° /^*'* = 0, 

and the actual differential on hom{M.,M) as 5(3 = 5prc/3+/^^*0/9— (— 1)'^'/?°/^^. 
The cohomology M = H{M,fj!j^) of any ^00-bimodule is naturally a graded 
bimodule over A = H{A), and we require that the unit of A acts as the 
identity from both sides. By using the length filtration of homj[^j[{M , M) , 
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one gets a spectral sequence whose Ei term can be identified with E^'^ = 
HomA-A{B^^^M, N[t]), where B'^_^M is the classical bimodule bar resolu- 
tion. This is compatible with the differential, so that 

(3.12) E'/ = Ext\_A{M, N[t\). 

In particular, if or AT are acyclic, then so is hom^-^{M,N'). If we allow our- 
selves to loosely borrow language from from [64] , the fact that the bar resolution 
is built into the definition of our category ensures that "all Aoo-bimodules are K- 
projective (and ii'-injective)" . It follows that any quasi-isomorphism — > 
has a quasi-inverse, hence is an isomorphism in the category H^{A-A). 

There is a "coupled Hochschild cohomology" theory associated to a pair { A^ M. ) 
consisting of an Aoo-algebra and an yloo-bimodule over it. It sits in a long exact 
sequence 

(3.13) > HH*-^{A,A) ^ H*-^{homA-A{M,M)) ^ 

— > HH*{AhM,AkM) HH*{A,A) — ^ ••• 

Later on, when we consider it from the point of view of deformation theory, 
the meaning of the sequence will be clear: b forgets A4 and concentrates on 
the deformation of A, while the image of a consists of deformations of A4 with 
respect to a fixed A. To define HH* (^ & A^ , ^ & A^ ) one can use the triangular 
matrix trick, see for instance [25]. Define an Aoo-algebra 

''^11 M _ M o~ 
T22) \M A, 

whose underlying graded vector space is the direct sum of two copies of our 
Aoo-algebra, Tn = = A^ with one copy of the bimodule, 7i2 = M.- The 
only nonzero compositions are 

/.^ = /.^ : r,f ^ Tfcfc, A: = 1,2, 

/.^+^+^ = : r^f r2i 

Consider the subcomplex CC* {AkM,Ak,M) C CC* (T, T) of cochains of the 
same form, meaning that they are made up of maps — > T^k, which should 
be the same for A; = 1, 2, and maps ®T2i®Tii^ ^21- The cochains of the 
second kind form a subcomplex of CC*{ASzM,A&^M) which is isomorphic 
to hom{A4 , and the quotient complex is just CC*{A,A), which makes 

(3.13) clear. 

The bimodules that we will be interested in are graphs A^ — GT(iph(^J~^ of ^oo~ 
homomorphisms J- : A ^ A. The underlying graded vector space of M is the 



(3.14) T 
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same as for A, and the operations are 

iiH hir=/ 

Lemma 3.6. For a quasi-isomorphism T , one can map H* (homyX-Ai-^ i-^)) — 
HH*{A,A) in such a way that the differential d in (3.13) becomes id—T*, where 
T* is the automorphism of Hochschild cohomology induced by T . 

Our proof of this will be rather pedestrian, but a more satisfactory treat- 
ment requires all the machinery of ^oo-categories of Aoo-functors, for which 
we have no real use elsewhere. To get started, we need to recall how quasi- 
isomorphism invariance of Hochschild cohomology for ^oo-algebras is proved. 
The most obvious scheme does not apply because HH* is neither co- nor con- 
travariantly functorial, and instead one passes through a generalization, which 
is the functor Hochschild cohomology HH* {T, JF) of an ^oo-homomorphism 
J- : A ^ B. We will not give the full definition of this, but the underlying 
cochain complex is CC'^{T,T) = Ws+t=dH"^{-^^'' ^^W)^ ™d the E2 term of 
the filtration- by- length spectral sequence is Ext\_ji^[A,B\t\), where B is con- 
sidered as an A-bimodule through pullback by F = H{T). There are natural 
maps J^*'^''^* : HH*{A,A) HH*{J^,T), jr*,right . hH*{B,B) HH*{T,T) 
defined on the cochain level by 

(.F*'^°fV)(a,, . . . , ai) = Y,{-lfT''-^+\ad, . . . , T^'(a,+„ . . . , a,+i), . . . , ai), 

(^*'"s^^V)(ad,...,ai) = 

= ^ r''(J^'-(ad,...,ad_j^+i),...,J"*i(ai^,...,oi)). 

iiH \-ir=d 

with Jl as in (3.6). If is a quasi-isomorphism, a spectral sequence comparison 
argument shows that both maps are isomorphisms. One then defines T* to be 
the composition (jr*,icft)-i o jr*,right . hH*{B,B) HH*{A,A). 

Suppose from now on that ;B = so we are in the situation of Lemma 3.6, 
and J^* is the automorphism of Hochschild cohomology induced by J-. There 
is a natural isomorphism c : HH*{J^,T) H*{homA-A{-M.,M)) for M = 
Graph{T), given on cochains by 

{cT)f'''{bf, . . .,bi,m,ae, . . . ,ai) = 

= ^ {-lffi{j^'^'^''{bf,...,bi,m,J=''''{ae,...,ae-i,+i),..., 

ii+-+ir=e T^'^{aij^-\ i-jj,, . . . |_ij._^_|_i), , . . . ,.7^*^(oj^, . . . ,ai)). 

^ = (kl ~ l)(l'3^il + ■ ■ ■ + l«ifc_il — ii — • • • — ik-i)- To prove that this is an 
isomorphism, one considers the E2 term of the usual spectral sequences, and 
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checks that the action of c on it can be traced back to a comparison map between 
two different resolutions of the bimodule M = H{M). Finally, the following 
diagram, where d is from (3.13), commutes: 

•77* , left ■17* .right 

(3.15) HH*{A,A)— — ^HH*{T,T) 



H*{homA-A{M,M)) 

In view of the definition of J-*, this proves Lemma 3.6. Actually (3.15) does 
not strictly commute on cochains, but the necessary homotopy can be easily 
provided, 

{hT){bf,...,m,...,ai) = 

= J2 'r{bf,---,m,J=^'-{ae,...,ae-ir+i),---,J^'^{aii,---,ai)). 

iiH \-ir=e 

(3d) Take a graded algebra A, and let A be an Aoo-structure on it as in (3.1). 
Given a graded A-bimodule M, we want to look at Aoo-bimodule structures M. 
on it such that the analogue of (3.1) holds, 

(3.16) fi^j(^ = 0, /i;^°(a,m) = (-l)Hma, ^,%{m,a) = {-l)^"'^am. 

Lemma 3.7. Suppose that Ext\f^j^op{M, M[l - A;]) = for all k>2. Then, up 
to isomorphism, there is at most one Ai satisfying (3.16). 

It might seem that there is a straightforward "linear" approach to this: take 
two ^oo-bimodules M.,Ai' satisfying (3.16), and look at the spectral sequence 
(3.12) associated to hom{A4,Ai'). The assumption in the Lemma ensures that 
idM G E2'^ survives to Eoo, and if the spectral sequence converges, one could 
use a standard comparison argument to show that the resulting element of 
H^{hom{M,M')) is an isomorphism. However, there seems to be no reason 
why convergence should hold in general, and our proof will rely instead on 
the "nonlinear" methods of deformation theory. To complete our discussion, 
it is maybe useful to say that there is a version of the Perturbation Lemma 
for ^oo-bimodules, which shows that any such bimodule over an ^oo-algebra A 
with jij^ = is quasi- isomorphic to one with = 0, hence which is of the 
form (3.16). To put this on a more formal footing, consider the dg subcategory 
A-A-° C A-A whose objects are Aoo-bimodules M. with //_^ = 0, and where 
the morphisms j3 of degree d must satisfy (3'^''^ = for p + q < d. By definition, 
the functor induced by inclusion is a full embedding [A-A-^') — > H^{A-A). 
The bimodule Perturbation Lemma shows that it is an equivalence. 

We now turn to the "coupled" deformation problem which is our main interest 
in this matter. Let A, A and M be as before, and suppose that we have 
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some fixed Aoo-bimodule structure satisfying (3.16). Let ^q{A&iM.)-" be 
the set of pairs {Aq,M.q) where Aq is a one-parameter deformation of A, and 
A4q a corresponding one-parameter deformation of A4 (that is, an ^^-bimodule 
structure on A^^cAn having the obvious kind of g-expansion) , such that 

(3.17) ^i\=o, ^I'^^ = Q. 

The formal gauge group ^q{A^M) for this problem can be defined as a suitable 
subgroup of the corresponding group for deformations of the triangular algebra 
T. For us, what matters is that gauge equivalence of pairs implies equiva- 
lence of the j4oo-deformations Aq, and we will later state the versality result 
in a correspondingly weak form. Let HH*{A^ M^Ak be the truncated 

version of coupled Hochschild cohomology, defined by looking only at cochains 
ni = T22 : A®' A[t], Ti2 : A^f ®M®A®^^ M[t] with t < 0. This sits in 
a suitable version of (3.13), 

(3.18) . . . ^ HH*~\A,A)-'^ ^ H*~\hom^_^<oiM,M)) 

^ HH*{AkM,A&iM)^" ^ HH*{A,A)^'> ^ ... 

In the case where M = Graph(J^), the obvious variation of Lemma 3.6 applies. 
Any pair {Aq,Aiq) G ^q{A&i M.)-° has a primary deformation class in trun- 
cated coupled Hochschild cohomology. Again, the important thing for us is that 
this maps to the deformation class of Aq under (3.18). 

Lemma 3.8. Suppose that HH^{A&:M,AkM)-° = C, and that there is a de- 
formation {Aq, Aiq) satisfying (3.17) with nonzero £ H H"^ {A, A)-° . Then, 
for any other pair {A'q,Aiq) G ^q{A&l^A)-°, there is a ip £ End{Af>i) such that 
Aq = tp*Aq as a one-parameter deformation of A^c- algebras. 

(3e) The framework of abstract one-parameter deformation theory is as follows. 
Let g be a dg Lie algebra. We consider the space 2lg(g) of elements G 0^0 qA^ 
which satisfy the Maurer-Cartan equation 

(3.19) 6aq + ^[aq,aq] = 0. 

In particular, if we expand Oq = Uq^iq + aq^^Q^ + • • • , the leading order term 
defines a primary deformation class [aq,i] G H^{q). An infinitesimal abstract 
gauge transformation 7^ G g'^^^'A^ defines a formal vector field Xq on 2lg(g), 
Xq{aq) = 5^q + [uq, 7q]. Thcsc vcctor fields exponentiate to an action of a group 
©g(g) on 2t5(g), which we denote by exp(7g)(Qq). The primary deformation class 
is an invariant of this action. As usual, there is also an action of End{Afq) on 
2lg(g) by reparametrizations, hence a notion of versality. The abstract formality 
and versality theorems are 



Lemma 3.9. If H^{q) = 0, %{g)/i3q{Q) is a point. 
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Lemma 3.10. Suppose that H^{g) = C. Then, every Og G ^qis) whose primary 
deformation class is nonzero is versal. 

These are both standard results, but for the convenience of the reader we re- 
produce the conventional induction-by-order proof of the second one. Take an 
arbitrary Pg G 2tg(0). Suppose that for some d > 1, we have '0'^ G End{A^) and 
Pg G gauge equivalent to Pg, such that 

(3.20) _ e 0((?'^). 

Because 6eg = ^[{ilj'^)*ag + Pg, eg] G 0{q'^~^^), the leading order term eg ,i G is 
closed. By assumption, one can therefore write Pg = {■ip'^)*ag + eg = {■ip'^yag + 
cqd^d^ + qdSb + 0(g'^+i) for some c G C, 6 G 0°. With 

(3.21) ^^+i(g) = i;\q) + cq'', p'g+' = exp(-g'^6)(/3,^) 

one finds that (3.20) holds for d + 1 as well. Since the parameter change and 
gauge transformation in (3.21) are equal to the identity up to 0{q'^), the process 
converges to {tp°°)*ag = P^, with P^ gauge equivalent to Pg. 

When applied to 0^ = CC*~^^{A, A)-° , this yields Lemma 3.3. Similarly, 
for the coupled case one sets Qa&cM = CC*~^^{AkM,A&^:M)-" and ob- 
tains Lemma 3.8. The other results stated above, which lack the parameter 
q, require modifications of the basic framework. Let ^ be a graded algebra, 
and qa = CC*~^^{A, A) its shifted Hochschild complex with the Gerstenhaber 
bracket. One can reformulate the bigrading of Hochschild cohomology as a C*- 
action on qa, which has weight t on CC^~^*{A, A)* . We combine this with the 
C*-action on which has weight d on Cq'^, and obtain an action on qa (8) gAj^. 
Given an Aoo-structure A on A satisfying (3.1), one can define a one-parameter 
deformation Ag of the trivial ^oo-structure by fi'^^ = q'^~'^fJ'j^, and this is given 
by a C*-invariant element of qa ® Q^N- The only possible changes of parameter 
in this context are the homogeneous ones q eq, e € C* , and with that in mind 
the proof of Lemma 3.2 is by a straightforward adaptation of Lemma 3.10. In 
contrast. Lemma 3.5 requires a more substantial tweaking of the theory, where 
the basic object one considers is a dg Lie algebra with a complete decreasing 
filtration Fo0 = D Fi0 D ... such that 6{FiQ) C Fi+i0 and [FjQ, FkQ] C Fj+kQ- 
Take a solution a G (-^i0)^ of (3.19), and consider the corresponding deformed 
differential 

Sa = S + [a, ■]. 

There is a series of obstruction groups, which are the terms E'g'^ d > 2, in 
the spectral sequence leading to the cohomology of (0,5q,). A slightly refined 
version of the computation in the proof of Lemma 3.10 shows that if all of them 
vanish, then any other solution of (3.19) with P — a £ F2Q is equivalent to a by 
a gauge transformation, obtained by exponentiating the action of (^10)". For 
our purpose, one applies this to = ^^jHom*{A'^''0M0A'^J',A), with 5 and 
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the bracket as suggested by (3.11), and FiQ the filtration by length i = e + f . 
The obstruction groups are precisely those which occur in Lemma 3.5. 

(3f) The previous discussion generalizes effortlessly to ^oo-categories. For di- 
dactic reasons, start with an ordinary category C having finitely many objects 
Xi, . . . , Xm, and let A be its total morphism algebra, which is linear over Rm. 
Consider Hochschild cochains that preserve this structure, which means that 
they are i?m-bimodule maps A ®r„^ ■ ■ ■ (d)R^ A A. By writing this out, one 
sees that the relevant complex can be generalized to arbitrary categories, leading 
to a Hochschild cohomology theory HH*{C, C). The same applies to Hochschild 
cohomology of Aoo-categories, and all the other notions of deformation theory. 

Remark 3.11. For any category C with finitely many objects, the Hochschild 
cohomology HH*{C,C) is the same as HH*{A, A) of the total morphism al- 
gebra. In other words, the inclusion of subcomplex of Rm-bilinear Hochschild 
cochains into the whole cochain complex is a quasi-isomorphism. The reason is 
that the relative bar resolution 

>A (g)R„^ A ®A — >A A — > A 

is also a resolution by projective A-bimodules in the non-relative sense. By 
quasi-isomorphism invariance of abstract deformation theories, this shows that 
any A^-structure A on A satisfying (3.1) comes, up to gauge equivalence, from 
an AoQ-category structure C on C. The previous observation combined with the 
standard spectral sequence argument also proves that for any finite Aoo-category 
C with total morphism A^o-algebra A, HH*{C,C) = HH*{A,A), and similarly 
for the truncated version. This implies that the one-parameter deformation 
theory of A as an Aoo-algebra is the same as that of C as an Aoo-category. On 
occasion, these facts will allow us to be somewhat sloppy about the distinction 
between finite categories and their total morphism algebras. 

To make the connection with Section 2, we should relate the deformation theory 
of C with that of its derived categories. However, this cannot be done in a truly 
satisfactory way within the restrictions of the present paper, because we have 
not introduced an ^oo-category underlying D'^{C), and so we will limit ourselves 
to a single rudimentary statement, Let Cq be a one-parameter deformation of 
C. Suppose that we have a finite set {Xi, . . . ,Xm) of objects of C which are 
split-generators for D^[C). Let A be their total morphism Aoo-algebra, and Aq 
its one-parameter deformation induced from Cq. 

Lemma 3.12. Assume that there are Yq,Yi G ObC such that H{hom(YQ,Yi)) 
changes at first order in the deformation. More precisely, this means that the 
natural map 

(3.22) H{homc^{Yo,Yi) ®a„ C[q]/q^f,h^) ®c[gW ^ ^ H{homciYo,Yi), ^i}.) 
is not an isomorphism. Then Aq is nontrivial at first order in q. 
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Proof. Suppose that the statement is false. After an i?m-hnear gauge trans- 
formation, we can assume that Aq is a deformation of order q^. Then the same 
holds for the induced one-parameter deformation TwAq of TwA. But the nat- 
ural ^oo-functor Aq Cg extends to a Apj-linear ^oo-functor TwTq : TwAq 
TwCq, which is full and faithful on cohomology. This means that (3.22) must be 
an isomorphism for all objects Yoi^i which are twisted complexes constructed 
from the Xk- Since that property carries over to direct summands, we have a 
contradiction. □ 



4. Group actions 



Semidirect products AV xi F of an exterior algebra with a finite abelian group 
appear naturally in the context of homological mirror symmetry for hypersur- 
faces in projective spaces. This is a consequence of Serre duality and Beilinson's 
description of D^Coh[CP"') [7]. The Hochschild cohomology of such algebras 
can be computed by a version of the classical Hochschild-Kostant-Rosenberg 
(HKR) theorem [29], and this will later form the basis for applying the defor- 
mation theory from the previous section. Besides proving that theorem, we 
also use the opportunity to assemble some elementary facts about semidirect 
products, both of algebras and ^oo-algebras. The exposition is by no means as 
general as possible, in particular, we shamelessly restrict ourselves to abelian 
groups whenever this makes things simpler. Dissatisfied readers may want to 
turn to [44] and references therein. 

(4a) Let j4 be a graded algebra carrying an action p of a finite group T. The 
semidirect product A x F is the tensor product A CF with the twisted multi- 
plication 

(a2 72)(ai 1^ 7i) = 02/0(72) (oi) 7271- 

The purpose of this construction is to turn the automorphisms p{T) into inner 
ones: in fact, (l(8>7)(a® e)(l®7)~"^ = p{'y){a)(>^e. Therefore, it is not surprising 
that A XI F depends only on the "outer part" of the group action, in the following 
sense: suppose that p is another action related to the previous one by 

(4.1) p{j) = ,{j)p(j),(j)-\ 

where/- : F —>■ (A^)^ is a map satisfying /.(727i) = i(72);5(72)(''(7i))- Then AxpT 
and j4 Xp F are isomorphic by a (8) 7 1— > 0^(7)"^ 7. This kind of consideration 
appears naturally in connection with the following construction: suppose that 
there is a normal subgroup Fq C F such that the projection F F/Fq admits a 
right inverse S. Then F = Fq x (F/Fq), and there is a corresponding isomorphism 

(4.2) A X F ^ (A X Fo) X (F/Fo). 

More precisely, let pr be the given F-action, and pr^ its restriction. Through 
the splitting S we have an action Pr/ro °^ quotient on ^ x Fq: 

(4.3) /Or/ro(7)(a ® 7o) = pr(S(7))(a) ® S(7)7oS(7)-\ 
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and these are the three actions involved in (4.2). Different choices of S lead to 
actions (4.3) which differ by inner automorphisms as in (4.1), and the discussion 
there shows that the right hand side of (4.2) is independent of the choice, as 
indeed it ought to be. 

Any semidirect product A xi T carries a natural action pr* of the group of 
scalar characters T* = Hom(r ,C*); pr*{x)iO' ® 5) = o-xid) ® 9- Additional 
automorphisms can be produced from those of A. We have already seen an 
instance of this in (4.3), and the general construction goes as follows: let U be 
an automorphism of A, and suppose that there is an automorphism ,^ of F as 
weh as a map i : T ^ {A^Y satisfying ^(7271) = /o(C(72))(t(72)) • '■(71), such 
that 

(4.4) p{i{l)){U{a)) = .(7)t/(p(7)(a))47)-' 

holds. Informally, this means that U commutes with the group actions in a 
twisted sense given by ^, and up to inner automorphism which are conjugations 
with the i's. Then one can define an induced automorphism of ^ x F by 

(4.5) {U X e)(a ® 7) = U{a)L{^)-^ ® ^(7)- 

Of course, i is not unique: for instance, passing from ^(7) to ^(7)^(7) for some 
X G F* amounts to composing [/ xi ^ with PT*{x)- 

In a slightly different direction, note that A x F is linear over the semisimple ring 
CF. For simplicity, assume that F is abelian, so that CF = R\y\ has a basis of 
orthogonal idempotents, which are the normalized characters = \G\~^x- This 
means that we can consider ^ xi F as a category with objects x ^-iid morphism 
spaces 

Hom{xi,X2) = u^M X ^)ux, = A'^''"''' ® 'Cu^.- 
where X2/X1 is the (pointwise) division in F*, and A^ is the subspace on which 
G acts as on the representation corresponding to x- This suggests an obvi- 
ous generalization, which is to consider an action of an abelian group F on a 
linear graded category C; here and in related discussions below, the standing 
assumption is that the action on the set of objects is trivial. Then, the semidi- 
rect product category C xi F has objects {X,x) £ OhC x F*, and morphisms 
ifom((Xi, xi), (-^^2) X2)) = Hom{Xi, X2)-^^^^'^ ■ By construction, if C has only 
finitely many objects and A it its total morphism algebra, then ^4 x F is the 
total morphism algebra of C x F. 

(4b) A F-action on an ^00-algebra ^ is a linear action on A, such that all the 
p^ are equivariant. The semidirect product Aoo-algebra ^ x F is then defined 
as „4 (8) CF with the compositions 

^^4xr(ad®7d,---,«i®7i) = 

= PAio-d, p{ld){ad-i), p{ldld^){ad-2), ■ ■ ■)®ld- ■ -li- 

This generalizes to >loo-categories with F-actions; if there are only finitely many 
objects, these are the same as iJ^-linear F-actions on i^m-hnear ^00-algebras. 
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Most of the discussion above applies to the A^o-case as well, the only prob- 
lematic parts being those involving invertible elements and the associated inner 
automorphisms, since that notion does not carry over in a simple way. In the 
i?m-hiiear situation there is at least a rudimentary substitute. Namely, for 
r = (ri, . . . , rm) S / = (C*)™' and a G UjAuk, define r ■ a = rja and a ■ r = ark- 
In a slight abuse of terminology, we call a h-> r • a • an elementary inner 
automorphism. One can use these instead of actual xax~^^s in formulae like 
(4.1), (4.4), and this gives a valid Aoo-version of the relevant observations for 
algebras, even though it is so reduced in scope as to be basically trivial. 

Given an y4oo-category C with a T-action, one can define the Aoo-category TwrC 
of equivariant twisted complexes. This also carries a F-action, and if we forget 
that action, it becomes equivalent to a full ^oo-subcategory of the ordinary 
TwC. The construction requires the following changes in the two basic steps: 
(1) the equivariant version SrC of the additive completion has objects which 
are formal direct sums 

(4.6) ^(^Xf^Vf)[af] 

f<^F 

where Vf is some finite-dimensional representation of T. The morphism spaces 
are correspondingly 

f 9 

= homc{Xf, Yg)[Tg - Gf] ® HomciVf, Wg) 

f,9 

and they carry the obvious tensor product T-actions. (2) In the definition of an 
equivariant twisted complex, the differential 6 has to belong to the F-invariant 
part of hom^. The "equivariant derived category" -Dp(C) = H^{TwrC) carries, 
in addition to the usual shift functor [1], automorphisms —<^x ^or any character 
X G r*, which change all Vf in (4.6) by tensoring with the corresponding one- 
dimensional representation. 

Remark 4.1. -Dp(C) is not triangulated, since mapping cones exist only for 
the T-invariant morphisms. Fortunately, the evaluation maps ev, ev^ used 
in the definition of the twist and untwist operations are invariant, so Tx{Y), 
TyiX) are well-defined in D^{C) (at least assuming that the necessary finite- 
dimensionality conditions hold). In particular, the theory of exceptional collec- 
tions and mutation works well in the equivariant context. 

(4c) Because we are working over a characteristic zero field, taking F-invariants 
is an exact functor. This means that the classification theory from the previous 
section extends in a straightforward way to the equivariant situation: one sim- 
ply replaces all "obstruction groups" by their F-fixed parts. More concretely, 
suppose that we have a finite F acting on a graded algebra A. Then HH*{A, A)^ 
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is the cohomology of the subcomplex of CC*{A, A)^ of equivariant Hochschild 
cochains. There is a canonical map 
induced by the cochain homomorphism 

^^^^ (J^r)(as 7s,..., ai ®7i) = 

= r(as,p(75)(as_i),p(7s7s_i)(a5_2), . . . ) 7s • • • 71. 

This is compatible with the Lie bracket on HH*^^, and has an obvious defor- 
mation theoretic meaning: T-equivariant ^oo-deformations of A induce defor- 
mations of the semidirect product. In fact, (4.7) is always injective. One can 
see this in several different ways. For a classical homological algebra argument, 
note that if P is an A-bimodule carrying a F-action which is compatible with 
that on A, then P x F is an A x F-bimodule, which for any A x F-bimodule M 
satisfies 

HomA^T~A^v{P X F,M) ^ HomA-A{P, Mf ■ 
here the F-action on the right hand side is obtained from that on P and the 
diagonal action on M, which sends x to (1 ® 7)x(l 7~^). In particular, if P is 
projective then so is PxF. Applying this observation to a projective ^-bimodule 
resolution P* ^ A which carries a compatible F-action, one obtains 

HH*{A X F, A X F) = Ext*A^Y-A>,v{^ x F, A x F) 

= Hom\^^^^^^{P* y^T.A^T) 
= Hom\_A{P\A^ Vf. 

Under the diagonal action, ^ x F splits into summands corresponding to con- 
jugacy classes X C F, and this induces a splitting of HH*{A x F,yl x F). In 
particular, the trivial class contributes Hom\_j^{P* , A)^ = HH*{A, A)^ , which 
is precisely the image of (4.7). More generally, the summand corresponding to 
K is the direct sum of the graph bimodules Graph{p{'y)) for ■j £ K, so that 

(4.8) HH*{A X F, A X F) = ^Ext\^A{A Grap/i(p(7)))^. 

K 7GA' 

Altenatively, one can approach the injectivity of directly in terms of the 
Hochschild complex. This involves looking at A x F as an algebra linear over 
the semisimple ring CF. In the abelian case, this can be put more forcefully 
by saying that we consider the F*-action on HH*{A x F, A x F) induced from 
that on A X F itself. The decomposition into different types of F*-modules is 
precisely (4.8), with the invariant part being the image of . This ultimately 
finds a natural explanation in terms of the duality theory for group actions, 
which says in particular that (^ x F) x F* is Morita equivalent to A [8]. 

The HKR theorem describes the Hochschild cohomology of polynomial algebras, 
and more general smooth commutative algebras. There is a generalization to 
graded algebras [42, Proposition 5.4.6], including exterior algebras as a special 
case, for which the statement is as follows. Take A = KV for some finite- 
dimensional complex vector space V , with the usual grading. Let SV"^ be the 
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symmetric algebra of the dual space. Then there is an explicit isomorphism 

(4.9) c^HKR ■■ S'V^ ® A"+V — > HH'+\A, Af. 

For instance, the cocycle [r] = 4>hkr{p "X" 1) corresponding to a homogeneous 
polynomial p of degree s is (in terms of a basis vj and dual basis uj) 

r{as,...,ai) = ^ 5^ f,„. a,) A • • • A (7;);l ai); 

and conversely, if r G CC^{A, A)~'^ is any cocycle, we recover a homogeneous 
polynomial p(E> I = f^j^xij ([''"]) setting 

(4.10) p{v) = t{v, . . . ,v). 

(f)HKR is compatible with the actions of GL(V) on both sides (where the action 
on is contragredient to that on V). Moreover, it carries the canonical bracket 
on HH*~^^{A, A) to the Schouten bracket on SV"^ <^ AV, which in particular 
satisfies 

(4.11) . . . vl ® 1, vl^^ ...vl(S)a]=J2<■■■^,■■■v^.^ vl^a 

k<r 

for a G AV. The standard proof of the HKR formula is via the Koszul bimodule 
resolution P* — > A, which in our case consists of = ^ ® S^V ® s] with 
the differential 

9(1 Uj^ . . . t>i^ 1) = ^ Vj^ (g) t>ii . . . 5^ . . . Wj^ (g) 1 + 

k 

+ (-l)''l ^Vi^...nr^...Vi^fSiVi^. 

Because A is supercommutative, the induced differential on Hom(P* , A) van- 
ishes, which shows that an abstract isomorphism (4.9) exists; of course, the 
explicit formula and other properties have to be verified separately, by exhibit- 
ing a map between the Koszul and bar resolutions. 

We now look at (4.8) in the special case where A is an exterior algebra, and p 
the action of a finite abelian group F C GL(V). Taking the Koszul resolution 
as P*, one sees that the 7-summand of HH*(A x F, ^ x F) can be obtained by 
computing the cohomology of the complex Home {SV, AV) = SV"^ ® AV with 
the differential 

id-yV)ivh ■ --ViJ = (-l)*^77(uii ...5^ ...t^ij A (7(uiJ -fij, 

k 

and then restricting to the F-invariant part of that. To carry out the compu- 
tation, we decompose V into eigenspaces of 7, and consider the corresponding 
tensor product decomposition of SV"^ (S>AV. On the fixed part V"' , the differen- 
tial vanishes as before; the remaining components can be identified with classical 
Koszul complexes, which have one-dimensional cohomology. After chasing the 
bidegrees and F- action through the argument, this amounts to a proof of the 
following: 
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Proposition 4.2. The Hochschild cohomology of A = AV x T, for T a finite 
abelian subgroup of GLiV), is 

hh'+\a,aY ^ 

7er 

5. Coherent sheaves 

To apply the theory from Section 3 to the derived category of coherent sheaves, 
one needs to introduce an underlying differential graded category. Concretely, 
this means choosing a class of cochain complexes which compute Ext groups, 
with cochain maps realizing the Yoneda product. Out of the many possibilities 
offered by the literature, we take the lowest-tech path via Cech cohomology, 
which is easy to work with but slightly more difficult to relate to the usual 
derived category (a few readers may prefer to skip that argument, and to take 
the Cech version as definition of the derived category; in which case some of the 
properties discussed later on have to be taken for granted). 

(5a) Let y be a noetherian scheme over an algebraically closed field (C or Aq, 
in the cases of interest here). Fix a finite affine open cover it. We introduce a 
differential graded category S{Y) whose objects are locally free coherent sheaves 
(algebraic vector bundles), and where the morphism spaces are Cech cochain 
complexes with values in Horn sheaves, 

homs^Y)iE,F) =C*{'d,Hom{E,F)). 

Composition is the shuffle product together with Hom jF, G')(g)Oy Hom jE, F) — > 
Hom (E, G). One can think of any dg category as an ^oo-category with van- 
ishing compositions of order > 3, and therefore define a triangulated cate- 
gory D^S{Y) in the way explained in Section 2, as the cohomological cate- 
gory of twisted complexes (we emphasize that there is no "inverting of quasi- 
isomorphisms" involved in this process). By refining covers and using standard 
results about Cech cohomology, one sees that S(Y) is independent of il up 
to quasi-isomorphism, hence that D^S{Y) is well-defined up to equivalence of 
triangulated categories. 

Lemma 5.1. D^S{Y) is equivalent to the full triangulated subcategory of the 
usual bounded derived category of coherent sheaves, D^CohiY), which is gener- 
ated by locally free sheaves. If Y is a regular projective variety, this is the whole 
ofD^Coh{Y). 

Proof. The usual approach to dg structures on derived categories of coher- 
ent sheaves is through injective resolutions, see for instance [62, Section 2]. 
In our current language, this can be formulated as follows. For each locally 
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free coherent sheaf E, fix a resolution by quasi-coherent injective sheaves. 
Consider a differential graded category !{¥) with the same objects as S{Y), 
but where homx(Y){E , F) = homoyi^E^ ^f) space of sheaf homomor- 

phisms I'^ — > Ip of all degrees, with the obvious differential. If we then define 
D^ZiY) = H^{TwI(Y)) through twisted complexes, it is equivalent to the sub- 
category of D^CohiY) appearing in the Lemma. To see that, one associates to 
each object of TwI{Y) its total complex; this defines an exact, fully faithful 
functor from D'^I{Y) to the chain homotopy category )C^{Y) of bounded below 
complexes of injective quasi-coherent sheaves. The image of this functor is the 
triangulated subcategory generated by resolutions of locally free sheaves, and 
by standard properties of derived categories, this is equivalent to the triangu- 
lated subcategory of D^Coh{Y) generated by such sheaves. If Y is smooth and 
projective, all coherent sheaves have finite locally free resolutions, so we get the 
whole of D^Coh{Y). 

To mediate between Cech and injective resolutions, we use a triangular ma- 
trix construction. Given two locally free sheaves E and F, one can consider 
the Cech complex C*( Hom (E, Ip)) with coefficients in the complex of sheaves 
Hom (E, Ip) = E"^ ^F- There are canonical cochain maps 

(5.1) homoy{I*E,I*F) — > C*{ Hom {EJ*p)) < — C*( Hom (E, F)). 

The first one is defined by composing a sheaf homomorphism Ip — > Ip with 
E — > Ip, and then restricting the associated section of Hom (E, Ip) to open 
subsets in H. The second one is just the map induced from F ^ Ip. Both maps 
are quasi-isomorphisms: for the first map, note that the Cech complex computes 
the hypercohomology of E'^ (8) Ip , which on the other hand that is the ordinary 
cohomology of homoy {E*,Ip) because each E'^ (E>Ip is injective. For the second 
map one uses a standard spectral sequence comparison argument, together with 
the fact that the cohomology of homou{E\U, Ip\U) for each open subset U is 
HoniOu^ElU, F\U). Along the same lines, there are canonical homomorphisms 

homny dp, Ip) ^ C*(Hom(E, 1*^)) C*{Hom{E, I^)), 

^^■^^ C*( Hom {F,rrz))®C*{ Hom {E,F)) — > C* { Hom (E, 1%)). 

We introduce another dg category T, still keeping the same objects as before, 
and where the horns are the direct sums of three components 

homoyiI*E,I*F) C*(Hom(EJ*p))\l]\ 
C*( Hom (E,F)). J 

The differential consists of the given differentials on each summand together 
with the chain homomorphisms (5.1). Similarly, composition in T combines 
the usual compositions of morphisms in I{Y) and S{Y) with the maps (5.2). 
By definition, this comes with dg functors T — > I{Y), T — > S{Y), both of 
which are quasi-isomorphisms, and therefore one has induced exact equivalences 
D'>S{Y) ^ D^T ^ D^I{Y). □ 



homr{E,F) 
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Remark 5.2. At least if one supposes that the ground field has characteristic 
zero, the entire argument carries over to the derived category of equivariant 
coherent sheaves with respect to the action of a finite group T on Y. First, by 
taking intersections over T-orbits one can find an invariant affine open cover. 
One then introduces the dg category Sr{Y) whose objects are locally free sheaves 
with T-actions, and whose morphism spaces are the T-invariant summands of 
the Cech complexes. In the regular projective case, 

D^St{Y) ^ D''CohriY), 

where Cohr{Y) is the abelian category of T- equivariant coherent sheaves. We 
will now make the connection between this observation and the material from 
Section 4- Suppose for simplicity that T is abelian. If E is a coherent sheaf with a 
T -action, then so is E(S>W for any finite- dimensional T -module W . Suppose for 
simplicity that T is abelian, and take equivariant locally free sheaves Ei, . . . , Em- 
Then the full dg subcategory C C S(Y) with objects E^ carries a T-action, and 
the semidirect product C y\T can be identified with the full dg subcategory ofSr(Y) 
whose objects are E'/j^VF^ for all k and all one- dimensional representations W^. 

(5b) Let Yq be a noetherian formal scheme, flat over Ap^. By definition [28, ch. 
II §9] there is a finite cover il by open subsets, on each of which the scheme 
is "given by" (actually, the formal spectrum of) a commutative algebra Aq^jj 
over An which is complete and torsion-free as a A^-module. We consider locally 
free coherent sheaves over Yq, which are Oy^ -module sheaves given over each U 
by sections of a finitely generated free ^g^j-module. By the same procedure as 
before, one can make these into objects of a dg category SiYq) whose morphism 
spaces are again complete torsion-free Apj-modules. 

Geometrically, Yq is an infinitesimal one-parameter family of schemes. One can 
specialize the parameter q to two different "values". Setting q = Q yields the 
special fibre Y = Yq xj^^C, and on the other hand, inverting q and introducing 
formal roots of it gives the general fibre Y* = Yq Aq. Both of them are 
noetherian schemes over algebraically closed fields. There are parallel construc- 
tions in the world of our differential graded categories, namely full and faithful 
dg functors 

(5.3) S{Yq)®KnC^S{Yo), S{Yq)^A^AQ^S{Yq*). 

To see what this means concretely, pick a finite collection of locally free sheaves 
Eq^i, . . . ,-E'o,m on Yq, and suppose that each £"0,^ admits an extension Eq^k to 
a locally free sheaf on Yg, whose restriction to Y* we denote by E* f^. The fact 
that the first map in (5.3) is full and faithful on the cochain level means that the 
full dg subcategory of S{Yg) with objects Eg^k is a one-parameter deformation of 
the full dg subcategory of S(Yq) with objects E^^k- Moreover, if we take the first 
of these subcategories and tensor with Aq, we obtain the full dg subcategory of 
S{Yq) with objects E* f^. In this way, deformations of varieties and their effects 
on coherent sheaves have been brought into the fold of the abstract theory 
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from Section 3. This is still quite crude, for instance it excludes totally those 
sheaves on Yo that might not admit extensions to Yq. One can give a much more 
natural and satisfactory treatment using obstructed dg or structures, see 
for instance [16], but for our application the rudimentary version is sufficient. 

(5c) We end our discussion by listing two properties of D^Coh{Y) for a regular 
projective variety over a field, which are well-known to specialists (I am indebted 
to Drinfeld for suggesting simplified proofs and giving references). The first 
result is classical, and explains why passage to D'^ is unnecessary. 

Lemma 5.3. D^CohiY) is idempotent closed. 

One way to prove this is to consider the chain homotopy category IC^(Y), which 
is idempotent closed by an infinite direct sum trick [45, Proposition 1.6.8] or 
[41, Lemma 2.4.8.1]. Having done that, one recognizes that the direct summand 
of any object of D^{Y) C )C~^{Y) again lies in D^{Y), because its cohomology 
sheaves are coherent and almost all zero [62, Proposition 2.4]. Alternatively, 
one can use the stronger result from [9] which says that the bounded derived 
category is saturated. 

Lemma 5.4. If l : Y ^ is a projective embedding, and Fi, . . . , Fm are 
split- generators for D^Coh{¥^), their derived restrictions Ef^ = Li*{Fj^) are 
split- generators for D^CohiY). 

This is due to Kontsevich, and the proof follows the same pattern as Lemma 
2.7. By assumption, on one can express 0{m) for any m as direct summand 
of a complex built from the Fk. Hence, on Y one can express 0{m) in the 
same way using E^. It therefore suffices to show that all the 0{m) together are 
split-generators for D^Coh{Y). Any locally free coherent sheaf EonY has a 
finite left resolution of the form 

^ ^' ^ 0(mz)®^' ^ > 0(mi)®''i ^ ^ ^ 

for some E' , and one can make / arbitrarily large. For I > dimY we have 
Ext'-{E, E') = H'-{E'^ (g) E') = 0, hence the resulting exact triangle 

{0{mi)®''^ > 0{mi)®''^} ^ E 

E'[l] 

splits in such a way that E (B E'[l — 1] is isomorphic to the top left complex. 
Once one has split-generated all locally free sheaves from the 0{m), the rest 
follows as in Lemma 5.1. 
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6. Symplectic terminology 



The purpose of this section is to assemble the necessary nuts and bolts from 
elementary symplectic geometry. The origin of the main notions, to the author's 
best knowledge, is as follows. Rational Lagrangian submanifolds have a long 
history in quantization (going back to Einstein) ; the first place where they occur 
in connection with Floer homology is probably Fukaya's paper [15]. Lagrangian 
submanifolds with zero Maslov class also originated in (Maslov's) quantization; 
the essentially equivalent notion of grading was introduced by Kontsevich [36] . 
The symplectic viewpoint on Lefschetz pencils and higher-dimensional linear 
systems emerged gradually from the work of Arnol'd [1], Donaldson [12, 11], 
Gompf [23], and Auroux [3, 4]. In particular, matching cycles were invented by 
Donaldson (unpublished). 

(6a) By a projective Kdhler manifold we mean a compact complex manifold X 
carrying a unitary holomorphic line bundle ox, which is positive in the sense 
that the curvature of the corresponding connection Ax defines a Kahler form 



From a symplectic viewpoint, this integrality condition on the symplectic class 
leads one to make corresponding restrictions on the other objects which live 
on X. A Lagrangian submanifold L d X \s called rational if the monodromy 
of the flat connection Ax\L consists of roots of unity. This means that one 
can choose a covariantly constant multisection Al of ox\L which is of unit 
length everywhere (as a multisection, this is the multivalued di-th root of a 
section A^^ of o^^\L, for some di > 1)- Rationality is invariant under exact 
Lagrangian isotopy. More precisely, take such an isotopy L^, and embed it into 
a Hamiltonian isotopy with time-dependent Hamiltonian H and vector field 
Y . We obtain covariantly constant multisections by starting with A^p and 
solving the ODE 



Rationality takes its name from the effect on the periods of action functionals. 
Take two rational Lagrangian submanifolds Lq,Li. For each of them, choose a 
covariantly constant unit length dLj^-iold multisection A^^.. The mod Q action 
A{x) of a point x £ LqH Li is defined by 



It is unique up to adding a number in l.c.m.{diQ, dL^)^^'Z C Q, whence the 
name. Now suppose that we have two intersection points xq, xi and a connecting 
disc between them: this is a smooth map u : Mx [0; 1] —^ X with ?x(Mx{/c}) C L^, 
such that u(s, •) converges to the constant paths at xq, xi as s ^ — cxd, +cxd. By 



(6.1) 



Vy.Ai, 



27:i{Ht\Lt) Xl,. 
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definition of curvature, 

(6.3) J u*ux ^ A{xo) — A{xi) + l.c.m.{dLo,dLi)~^'^- 

Similarly, a symplectic automorphism (j) of X is rational if the monodromy of 
the induced flat connection on Hom{ox,4'*ox) consists of roots of unity. This 
is invariant under Hamiltonian isotopy. We write Aut{X) for the group of such 
automorphisms, which acts in the obvious way on the set of rational Lagrangian 
submanifolds. 

(6b) Equally important for us will be the relative situation, where in addition to 
the previous data we have a holomorphic section ax,oo of ox such that X^o = 
^x^ooi^) is a divisor with normal crossings, along which ax,oo vanishes with 
multiplicity one, and such that each irreducible component C C X^o is smooth 
(no self- intersections) . We call M = X \ X^o an affine Kahler manifold. One 
can use crx,oo/| |cx,oo| I to trivialize ox|M, and by writing the connection with 
respect to this trivialization as Ax\M = d — IttiOm, one gets a one- form 9m 
which satifles dOM = = i^x\M, so that M is an exact symplectic manifold 
in the usual sense of the word. 

A compact Lagrangian submanifold L C M is called exact if 0m\L = dKL for 
some function K^. This condition is invariant under exact Lagrangian isotopy. 
Note that if L is exact, 

(6.4) Xl = exp{27riKL)vp^ 

is a covariantly constant section of ox\L, so that must be the trivial flat line 
bundle. Conversely, suppose that L is some Lagrangian submanifold of M, 
such that ox\L is trivial and admits a covariantly constant section which can 
be written in the form (6.4) for some K^. Then dK^ = 0ai\L, hence L is exact. 
We have proved: 

Lemma 6.1. L is exact iff ox\L is trivial, and its nonzero covariantly constant 
sections lie in the same homotopy class of nowhere zero sections as crx,oo\L. □ 

Let Lq, Li be exact Lagrangian submanifolds of M, and choose functions K^^, 
Kl^ . One can then deflne the action of an intersection point x & Lq Ci Li to be 

(6.5) A{x) = Kl, {x) - Kl, [x) G M. 

For any two such points xq, xi and any connecting disc u in X, the intersection 
number u ■ Xoo is well-defined, and 

(6.6) j u*uJx = A{xo)-A{xi) + {u-Xo^). 

In particular, the action functional is indeed exact if we allow only connecting 
discs which lie in M. 
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Let (j) he a symplectic automorphism of M, which extends smoothly to X in 
such a way that Xoo remains pointwise fixed (we denote the extension equahy 
by 0). We say that (p exact if (I)*6m — Qm = dK^j, for some function K^j, on 
M. This condition is invariant under Hamiltonian isotopies keeping fixed. 
Exact symplectic automorphisms form a group Aut{M), which acts naturally 
on the set of exact Lagrangian submanifolds. The analogue of Lemma 6.1 is 

Lemma 6.2. is exact iff Ho'm(ox,4>*ox) is the trivial flat bundle, and every 
covariantly constant nonzero section has the property that its restriction to M 
lies in the same homotopy class of nowhere zero sections as </'*crx,oo/cx,oo- D 

Remark 6.3. The conditions for exactness which appear in the Lemma are au- 
tomatically satisfied if Hi{X) = 0. This is obvious for the first one, and for the 
second one argues as follows: take the meridian 7 in M around a component 
of Xoo, and bound it by a small disc going through X^o once. The homotopy 
class of covariantly constant sections of Hom,{ox,4'*ox)\7 is characterized by 
the fact that they extend to nowhere zero sections over the disc. On the other 
hand, ax,ooJ extends to a section with precisely one zero, and so does (t)*CTx,oo\l- 
Hence, (0*o"x,oo/'7x,oo)|7 H^s in the same homotopy class of nowhere zero sec- 
tions as the covariantly constant ones. 

The relation between the affine and projective notions is clear: Lemma 6.1 
shows that an exact L C M is a rational Lagrangian submanifold of X, and 
Lemma 6.2 does the same for automorphisms. Given a pair of exact Lagrangian 
submanifolds Lq,Li, the multivalued action (6.2) is a reduction of the single- 
valued one (6.5), and (6.6) is a refinement of (6.3). 

(6c) Let M be an affine Kahler manifold, coming from X and ax, 00 as always. 
Suppose that we have a second holomorphic section ax,o of ox, linearly inde- 
pendent of crx,oo- Let {Xz}z^cp^ be the pencil of hypersurfaces generated by 
these two sections. This means that we set 

crx,z = crxfi - zax, 00 and X^ = cr3^^^(0) 

for z G C. Assume that Xq = crl^\{0) is smooth in a neighbourhood of the base 
locus Xq^oo = XqC^Xoo, and that it intersects each stratum of X^o transversally; 
then the same will hold for each Xz, z G C. Every nonsingular X^, z S C, is a 
projective Kahler manifold with ample line bundle ox^ = ox\Xz, and it carries 
a preferred holomorphic section ax^ = crx,oo\Xz whose zero set is Xq^^o- By 
assumption, this is a divisor with normal crossings, so that = Xz \ -^^0,00 is 
an affine Kahler manifold. One can also see the Mz as the regular fibres of the 
holomorphic function 

TTM = Crx,o/o-X,oo ■ M > C. 
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We denote by Crztf (vrjv/) its critical value set, which is finite by Bertini. Given 
z,z' £ C \ Critv{iTM), we denote by Iso{Mz, Mz') the space of symplectic iso- 
morphisms (f) : Mz Mz' which extend to Xz — > Xz' in such a way that XoPlXoo 
remains pointwise fixed, and such that (j)*9M^, — ^A/^ is exact. These spaces form 
a topological groupoid under composition, and for z = z' they reduce to the 
groups Aut{Mz) defined before. Take a smooth path c : [0; Z] — > C \ Critv{'KM)- 
The c'{t) can be lifted in a unique way to vector fields Zt G C'^{TM\M^i^£^) 
which are horizontal (orthogonal to ker{D'KM) with respect to the symplectic 
form). By integrating these one gets an exact symplectic parallel transport map 

To show that he is well-defined, one embeds M into the graph T = {{z^x) € 
C X Xz ■ X G Xz}. The projection vrr : T — > C is a properification of ttm- It is 
a standard fact that parallel transport with respect to the product symplectic 
form LOr = {iox +i^c)|r gives a symplectic isomorphism X^^q^ ^c{i)- This 
extends the original he, because adding the pullback of ujc to lom does not 
change the vector fields Zf. Moreover, at a point {z,x) G C x Xq^^o we have 

TT(^z,x) = C X {e G TX, : Dao{x)^ - z Da^{x)^ = 0}, 

and since this splitting is wr-orthogonal, the parallel transport vector field will 
lie in C X {0}. This implies that the extension of he to ^^(o) leaves Xq^oo 
pointwise fixed. Finally, the exactness of h*6M^(^i-) — ^A4(o) follows from the 
Cartan formula (LztdM) \ -^c(t) = d{izt(^M) \ ^Ic{t) + izt^M \ ^Ic(t)-, where the 
last term vanishes because of the horizontality of Zt. 

(6d) We say that {Xz} is an quasi- Lefschetz pencil if ttm is nondegenerate in 
the sense of Picard-Lefschetz theory, meaning that it has only nondegenerate 
critical points, no two of which lie in the same fibre. This is the same as saying 
that the set of critical points Crit{'KM) is regular (Dttm is transverse to the 
zero-section) and ttm ■ Crit{-KM) Critv^nM) is bijective. Lefschetz pencils 
are the special case where X^o is smooth. 

An embedded vanishing path for a quasi-Lefschetz pencil is an embedded path c : 
[0; 1] — > C with c~^{Critv{i:M)) = {!}■ By considering the limiting behaviour 
of parallel transport along c| [0; t] ast ^ 1, one defines an embedded Lagrangian 
disc Ac C M, the Lefschetz thimble, whose boundary is a Lagrangian sphere 
Vc C Mg^Q), the associated vanishing cycle. The Picard-Lefschetz formula [60, 
Proposition 1.15] says that the monodromy around a loop 7 which doubles 
around c in positive sense is the Dehn twist associated to the vanishing cycle, 
up to isotopy inside the group of exact symplectic automorphisms: 

h^ ~ TV, G Aut{Me[0)). 

To be precise, Vc carries a small additional piece of structure, called a framing 
in [58, 60], and the definition of Dehn twist uses that too. However, framings 
contain no information if the vanishing cycles are of dimension < 3, so omitting 
them will not matter for our applications. 
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Now choose a base point G C \ Critv{-i:M) and base path c* : [0;oo) 
C \ Critv{-KM), meaning an embedded path with c*(0) = z* which goes off 
to infinity, in the sense that there is a C £ C* such that c*(t) = for all 
t ^ 0. By a distinguished basis of embedded vanishing paths, we mean an 
ordered collection of such paths (ci,...,Cr), r = \Critv{TTM)\, starting at 2* 
and with the following properties: the tangent directions M-°c^(0) are pairwise 
distinct and clockwise ordered, and different Ck do not intersect except at z^,. 
Moreover, M-^c^O) should he strictly between M^''4(0) and M5^''ci(0), and no 
Ck may intersect c* except at z^. The composition of the corresponding loops 
'jk is freely homotopic in C \ Critv{-KM) to a circle 7oo(i) = -RC^** of some large 
radius i? ^ 0, and hence the product of all the associated Dehn twists is the 
monodromy around that circle. More precisely, taking into account the change 
of base point, one has 

(6-7) Tv/^ . . . Tv,^ ~ {K,\[0;R])~^^lo.K,\[Q;R] G ^Ut(M^J. 

This becomes more familiar for actual Lefschetz pencils, where one can extend 
the graph to CP^, 

(6.8) f = {{z, x) G CP^ X X : x e X^] ^ CP\ 

so that 00 is a regular value of vrp. Proceeding as before, one can define sym- 
plectic parallel transport for paths in CP^ \ Critv{'KM)- In particular, since 700 
can be contracted by passing over 00, its monodromy is isotopic to the iden- 
tity, so that (6.7) simplifies to the following relation between Dehn twists in the 
symplectic mapping class group ■KQ[Aut[Mz.^)): 

(6.9) ry^^ o • • • o ry^^ ~ id. 

Remark 6.4. It is no problem (except terminologically) to allow several non- 
degenerate critical points to lie in the same fibre. One should then choose a 
vanishing path for every critical point. Two paths Ck , Q going to the same crit- 
ical value should either coincide or else satisfy Ck{t) 7^ ci{t) for t G (0;1), and 
M-°c^(0) 7^ ^-"0^(0). In the first case, the associated vanishing cycles in M^^ 
will be disjoint. 

(6e) Let {X^} be a quasi-Lefschetz pencil. Consider a smooth embedded path 
d : [—1;!] —>■ C such that d~^{Critv{'KM)) = { — Split it into a pair 
of vanishing paths c_(t) = d(—t), c+(t) = d{t), t G [0;1], and consider the 
associated vanishing cycles 

We say that d is a matching path if Vc_, Vcj^ are isotopic as exact Lagrangian 
spheres. Actually, there is an additional condition concerning the framings, 
which we do not want to spell out here, since it is vacuous in the dimensions 
that we will be interested in. If d is a matching path, one can glue together the 
Lefschetz thimbles Ac_ , to obtain a Lagrangian sphere in the total space, 
the matching cycle C M. In the naive situation where the two vanishing 
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cycles coincide, this would simply be the set-theoretic union of the Lefschetz 
thimbles. In general, the construction involves a choice of isotopy between 
the cycles, and 'Sd might theoretically depend on that choice. Note however 
that this can never happen if the fibres are Riemann surfaces with boundary, 
since there, the space of exact Lagrangian submanifolds (circles) having a fixed 
isotopy class is contractible. 

(6f) Let (Jxfl,crx,oo be two sections of ox which generate a quasi-Lefschetz 
pencil {-'^^z}- Suppose that we have yet another section cr'xQ, linearly indepen- 
dent from the previous ones. We require that its zero set should be smooth in 
a neighbourhood of Xq D Xoo, and should intersect each stratum of that base 
locus transversally. Consider the associated map 



^X.oc <^X,oo 



(6.10) M ^ 

its critical point set Crit{bM) and critical value set C = CritvihM)- Concerning 
this, we make the following additional assumptions: 

• Crit{bM) is regular, and 6m : Crit{bM) — > C is an embedding away 
from finitely many points. 

Regularity means that Db^ £ T(Hom(TM, C^)) is never zero, and is transverse 
to the subset of rank one linear maps. The second statement implies that for 
generic z G C\Crztf (ttm); the curve Crit{bM) is transverse to b]^{{z} xC), and 
the projection bM\Crit{bM) x b]J^{{z} x C) — > Cx {{z} x C) is a bijection. In this 
case, the sections {a'x q\Xz, crx,oo\Xz) generate a quasi-Lefschetz pencil on X^, 
and the critical value set of the associated holomorphic function qm^ ■ C 
is precisely 

(6.11) Critv{qMj = Cn {{z} x C) C C. 

There is a finite subset of C \ Criif (ttm) where this fails, and we denote it by 
-Fafcef (ttm)- These "fake critical values" will play a role similar to the real ones, 
see (6.12) below. 

• Let X be a critical point of ttm, T^Aiix) = z. Then the restriction of D'^ttm 
to the complex codimension one subspace ker{DxbM) is nondegenerate. 
Moreover, all critical points of qM^iMz \ {x}) are nondegenerate, and 
their g'Af^-values are pairwise distinct and different from qAi.{x). 

As a consequence, 6a/ : Crit{bM) ^ C is an embedding on Crit{bM) H M^, 
and moreover the projection C C ^ C to the first variable has an ordinary 
(double) branch point at bM{x), and is a local isomorphism at all other points 
of Cn ({z} X C). 

If the two conditions stated above are satisfied, we say that a'^ q is a generic aux- 
iliary section of ox ■ Practically, the situation is that we have a quasi-Lefschetz 
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pencil on X, almost every regular fibre of which again admits a quasi- 
Lefschetz pencil. Moreover, we have a good understanding of how these pencils 
degenerate as X^ becomes singular. We will now explain the consequences of 
this for the vanishing cycles of ttm- For that, suppose that our base point 
^ Fakev{'KM)- Alongside the ordinary monodromy of the pencil, 

7ri(C \ Critvi7rM),z^) TTo{Aut{M,,)), 
there is a "relative" or "braid" monodromy homomorphism 
(6.12) 

7ri(C \ (CritviTTM) U Fakev{TTM)), z^) 7ro(Diif^(C, {C n {zj x C))), 

which describes how the finite set (6.11) moves in C as z changes. Take an 
embedded vanishing path for ttjv/, c : [0; 1] — > C, with the additional property 
that c([0; 1]) R Fakev{'nM) = O- Let 7 be a loop doubling around c in positive 
sense. As we know, the monodromy around 7 is the Dehn twist along Vc- 
The corresponding statement for (6.12) is that there is an embedded path d : 
[— 1;1] — > C, with d~^{Critv{qM^^)) = {il}, such that the image of 7 under 
the relative monodromy is the half-twist along d. The relation between the two 
is as follows, see [61] for the proof: 



Proposition 6.5. d is a matching path for Qm^,, md the vanishing cycle Vc C 
is, up to Lagrangian isotopy, a matching cycle for that path. □ 



(6g) We temporarily digress from Kahler to general symplectic geometry. Let 
(M'^^,u!m) be any connected symplectic manifold with ci(Af) = 0. Take an 
almost complex structure Jm which tames u>m, and a complex volume form 
(a nowhere vanishing (?i, 0)-form with respect to Jm) tIm- Let £,m M he 
the bundle of (unoriented) Lagrangian Grassmannians. The phase function 
associated to r]M, 

is defined as follows. Given x G M and A G 

take any (not necessarily 

orthonormal) basis ei, . . . , of A, and set 

(6.13) aM(A) = — -73. 

|r/M(ei A ■ • ■ A e„)|^ 

We distinguish the special case where Jm is WM-compatible by calling om a 
classical phase function. These are the most commonly used ones, and they are 
much better behaved. General phase functions will be needed later for technical 
reasons. 

Given aM, one can associate to a Lagrangian submanifold L C Af or a sym- 
plectic automorphism (/> : M — > M a phase function 

aiix) = aM{TLx), 
a^{K) = aM{D4){k))/aM{^)- 
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A grading of L or is a real- valued lift ai resp. d^, where the convention is 
that M covers 5-*^ by a i— > exp(27ria). Pairs L = {L,aL), 4> = ((^lO^) are called 
graded Lagrangian submanifolds resp. graded symplectic automorphisms. The 
latter form a group, with a natural action on the set of graded Lagrangian 
submanifolds. The composition law and action are defined by 



(6.14) 



{di/)o0 = dv ° + "0, 

In particular, for k £ Zwe have the /c-fold shift [k] = {(j) = id^f , d,^ = —k), which 
reduces the grading of each Lagrangian submanifold by k. All the "graded" 
notions actually depend only on the homotopy class of r/^ as a trivialization of 
Kfj, or equivalently on the cohomology class /xm = [om] £ H^{2,m), called a 
global Maslov class in [57]. Namely, suppose that we have two cohomologous 
phase functions, which can be written as a\j = um^^^^^ for some x '■ ^ 
Gradings with respect to the two are related in an obvious way. 



(6.15) 



Note that x is unique only up to an integer constant. This is irrelevant for 
d^; it affects d^ but not in a really important way, since changing x shifts the 
grading of all Lagrangians simultaneously. 



Remark 6.6. There is a canonical square root a/j : ^ M of Q.M on 
the bundle £™ of oriented Lagrangian Grassmannians, defined by removing the 
squares from (6.13) and using positively oriented bases ei, . . . , e„. Any graded 
Lagrangian submanifold carries a preferred orientation, characterized by 

ex-p{7ridL{x)) = a\^j^{TLx). 



(6h) There is an obvious notion of graded symplectic fibre bundle, which is a 
locally trivial symplectic fibration p : E ^ B with an almost complex structure 
Jei, and complex volume form r]^^ on each fibre E^i. The monodromy maps 
of such a fibration are naturally graded: given a loop 7 : [0; /] ^ S and the 
corresponding parallel transport maps 4>t = h^\p,t] ■ -^7(0) ~^ ^lit)^ one takes the 
unique smooth family of functions at on the Lagrangian Grassmannian bundle 
of -E'-y(o) with oo = and 

exp(27riat) = (ai?^(,) o Dcf)t)/aE^^^^o)- 

The graded symplectic monodromy is h^ = {(pijCt^^ = a;). An example which 
is relevant for our purpose is where we have a trivial fibre bundle E = C* x M 
over B = C* with a varying complex volume form tje^ = z'^rjM- The "invisible 
singularity" of this family at z = leads to a monodromy which, for a circle 7 
turning around the origin in clockwise direction, is the shift 

(6.16) h^ = [2fi]. 
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(6i) Gradings make it possible to assign absolute Maslov indices to Lagrangian 
intersection points. This depends on the following notion from symplectic linear 
algebra: a smooth path of Lagrangian subspaces (0 < t < 1) in a fixed 
symplectic vector space is crossingless if it satisfies Aq n At = Aq H Ai for all 
t > 0, and the crossing form [51] on Aq/Aq H Ai associated to {dAt/dt)t=o is 
negative definite. Nonintersecting paths with given endpoints exist and are 
unique up to homotopy, see again [51]. 

Lemma 6.7. Suppose that um is classical. Let Af he a crossingless path in TM^ 
for some x. Choose a : [0; 1] ^ M such that exp(27rzat) = aA/(At). Then 

ai — ao G {—n; 0]. 

Proof. We can identify $ : TM^ — > C" in such a way that the complex 
structure and symplectic form become standard, <5(Ao) = M" and <l>(Ai) = 
gjTTCi]^ X • • • X e*'^'^"M with Ck € (—1; 0]. For the obvious crossingless path A^ = 
gjTTtei]^ X • • • X e*''*''"M we have ai - oq = ci + • • • + c„ G (-n; 0]. Because of 
homotopy uniqueness, the same holds for any other crossingless path. □ 

Take two graded Lagrangian submanifolds Lo,Li, and a point x & Lq n Li. 
Choose a crossingless path from Aq = TLq to Ai = TLi, and take £ M such 
that exp(27riat) = qa/ (A^). The absolute Maslov index is defined as 

(6.17) = (aLi(x) - di) - {oLoix) - do) G Z. 

Lemma 6.7 implies that this is approximately the difference of the phases: 

Lemma 6.8. If is classical, I{x) — aLi{x) + ol^^x) G [0;n). □ 

This was pointed out to me by Joyce, but it is known to many other people 
in mathematics and physics, see for instance the proof of [65, Theorem 4.3]. 
In fact, ideas of this kind can be traced back at least to [56]. Another easy 
consequence of Lemma 6.7, this time for symplectic automorphisms, will be 
useful later: 

Lemma 6.9. Suppose that um is classical. Let (j) = {(j),a(j)) a graded symplectic 
automorphism of AL . For any two Lagrangian subspaces Ao,Ai G £m,x o-t the 
same point, 

\a^{Ai) - a^(Ao)| < n. 

Proof. Choose a crossingless path A^. Lemma 6.7 shows that as we go along 
this path, ajvf(Af) changes by an angle in (— 27rn;0], and so does aM{L)(p{At)). 
The angular change in aM{D4'{-^t))/'^M{At) is the difference between the two, 
hence lies in (— 27rn;27rn). □ 
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(6j) We now return to the case of an affine Kahler manifold M = X \ X^. 
We say that M is affine Calabi- Yau if it comes with a preferred isomorphism of 
holomorphic hne bundles, 

(6.18) f3x:1Cx^ 0%-"^^ 

for some mx £ ^ (called the monotonicity index). On M we have a preferred 
trivialization of ox given by doo , hence through Px a holomorphic volume form 
r]M- In the special case where mx = 0, X itself is Calabi- Yau, and 7]m extends 
to a holomorphic volume form 7]x on it. We denote by Aut{M) the group of 
exact symplectic automorphisms of M equipped with a grading. Similarly, if 
mx = 0, we write Aut{X) for the graded rational automorphisms of X. 

Remark 6.10. In the mx = case, there is a canonical embedding 

AM{M) — > AM{X). 

We already know that every (j) G Aut{M) extends to a rational symplectic auto- 
morphism of X. There are no obstructions to extending gradings over subsets 
of codimension > 2, so the grading of (j) extends uniquely from M to X. 

If {Xz C X} is a quasi-Lefschetz pencil, we have for z G C \ Critv{'KM) a 
canonical isomorphism (dx^, ■ K^x^ — {^x ® ox)\Xz = o^^^~^^ , so the 
are again affine Calabi-Yaus, with monotonicity index mx^ = mx — 1. More 
explicitly, the complex volume form is obtained as a quotient rjM/dz, which 
means that it is the unique solution of 

(6.19) dz A 7]M, = VM- 

The first consequence of this is that the monodromy maps along loops 7 in 
C \ Critv{'KM) have canonical gradings, /i^ G Aut{M^(Q-^). If c is a vanishing 
path, the associated vanishing cycle Vc admits a grading; this is trivial if its 
dimension is > 2, and otherwise follows from the fact that it is bounded by a 
Lagrangian disc in M. Hence, the associated Dehn twist ry^ then has a canonical 
grading fy^ , which is zero outside a neighbourhood of Vc itself. Taking the loop 
7 which doubles c, we have the following graded version of the Picard-Lefschetz 
theorem: 

h^f ~ fvc e Aut{Mci^Q)). 

The analogue of (6.9) is 

Lemma 6.11. Suppose that {Xz} is a Lefschetz pencil, and ci, . . . ,Cm a distin- 
guished basis of vanishing cycles. Then 

fVc,°---° rv,^ - [4 - 2mx] G A[d{Mz,). 

Proof. What we need to show is that the graded monodromy around a large 
circle 700 is [4 — 2m x]- For simplicity, change variables to C = -2"^, so that 
7oo becomes a small circle going clockwise around C = 0- Recall that rjM^ is 
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obtained by dividing r]M, which has a zero or pole of order —mx along X^o, 
by dz = dQ/C,"^, which has order —2. Hence, after introducing the compactified 
graph r as in (6.8), one has a locally trivial symplectic fibration near = 0, 
with a family of complex volume forms on the fibres that grows like C^""*-^. 
Now we are in the same situation as in (6.16). □ 



7. MONODROMY AND NEGATIVITY 



Continuing the discussion above, suppose that mx = 1, so that the fibres Xz 
are Calabi-Yau manifolds. In the Lefschetz pencil case. Lemma 6.11 tells us 
that the "large complex structure limit monodromy" is a downward shift. We 
will need a generalization of this statement to the case when X^q has normal 
crossings, where the geometry of the monodromy map becomes more compli- 
cated. Intuition is provided by two aspects of mirror symmetry: ideas related 
to the SYZ conjecture suggest that large complex structure limit monodromy 
maps should be fibrewise translations in a Lagrangian torus fibration; and in 
the context of homological mirror symmetry we have a formula for the mirror 
automorphism of the derived category of sheaves which goes back to Kontse- 
vich, see [2]. Because of technical difficulties, our result will finally be limited 
to K2> surfaces; but large parts of the argument are more general, and it seems 
likely that with some more effort, the dimensional restriction could be lifted 
altogether. 

(7a) We start with some generalities. Let M^" be a compact connected symplec- 
tic manifold (possibly with boundary), with a tame almost complex structure 
Jm, complex volume form 77^, and associated phase function um- 

Definition 7.1. A graded symplectic automorphism (p of M is negative if there 
is a do > such that 

"<^do W < for all A G £m- 

Here, the grading of 4>'^° is defined by the composition rule (6.14). The same rule 
shows that if negativity holds, the grading of the iterates goes to —00. Namely, 
the grading of (/>'^° is < — e for some e > 0, and the grading of (/> is < C for some 
C > 0. By writing d = kdo + / with < Z < do — 1 one sees that 

(7.1) a^4A) <Cl-ke<Cdo-e[d/do], 

as claimed. A closely related property is that the negativity of a given graded 
symplectic automorphism depends only on the global Maslov class fiM, and not 
on the choice of aM within that class. For this take two cohomologous phase 
functions a'j^ = e'^'^^^aM- Since x is bounded, it follows from (6.15) that the 
gradings of (j)'^ with respect to aMjCt'jyj differ by a uniformly bounded amount, 
which in view of (7.1) gives the desired property. 



44 



PAUL SEIDEL 



Lemma 7.2. Let (f) be a negative graded symplectic automorphism, and Lq,Li 
two graded Lagrangian submanifolds. For any k £ 1^ one can find a d > and 
a small exact perturbation L'l of Li such that for each x £ Lq Ci (j)'^{L'i), the 
absolute Maslov index is 

I{x) < k. 

Proof. Since negativity is independent of the choice of phase function, we 
may assume that that function is classical. Suppose that the grading of Li is 
bounded above by Ci, and that of Lq bounded below by Cq. Choose some d 
such that Ci — Co + Cdo — e[d/dQ] < k — n. From (7.1) and (6.14) it follows that 

(7.2) a^'i{Li){x) - "Lo (x) <k-n 

at every intersection point x. This estimate continues to hold if one perturbs 
Li slightly, to make the intersections transverse. Now apply Lemma 6.8. □ 

Negativity is well-behaved with respect to abelian symplectic reduction (this 
fact is related to the quotient construction of special Lagrangian submanifolds, 
see for instance [24]). The situation is as follows: M = M^" carries a free 
Hamiltonian T'^-action, with moment map fi : M ^ R*^. We have an almost 
complex structure Jm which is WAf-compatible and T'^-invariant, and a T^- 
invariant complex volume form 7]m, with associated (classical and T'^-invariant) 
phase function om- Denote by i^i, . . . , Kk the Killing fields of the action. Let 
be a symplectic automorphism which preserves ^, hence is T'^-equivariant; 
and occj) a grading of it (necessarily T'^-invariant). For every moment value r 
we have the symplectic quotient IVF'^'^'''' = fi~^{r)/T^ . This carries the reduced 
symplectic form uij^ied,r and a compatible almost complex structure Jj^icd,r, the 
latter of which is obtained by taking the complexified tangent spaces along the 
orbits, and identifying their orthogonal complement with the tangent spaces 
of Af^"^'*". Moreover, cj) induces symplectic automorphisms c/)^'^'^''^ . In our situa- 
tion, we also have a reduced complex volume form r/^rod.r , defined by restricting 
ixi ■ ■ ■ iKrVM to the same orthogonal complement as before. Projection identi- 
fies Lagrangian subspaces A C TM containing the tangent space to the orbit 
with Lagrangian subspaces A''®'^ C TAf''*^'^. The phase functions defined by 
Vm, ??Mrcd,r are related by a]^pcd.r{A'^'^'^) = aA/(A). In particular, we can define 
a grading of the reduced symplectic automorphisms by 

(7.3) d^rcd,,.(A'^^'i) = d^(A). 

Lemma 7.3. Suppose that the cf)'^'^'^'^ are all negative. Then cj) is negative. 

Proof. Choose some r. By assumption there is a such that the grading of 
(|^red,r^do jg negative, and then the same thing holds for neighbouring r. By a 
covering argument, one sees that there is a do such that the gradings of the do-th 
iterates of all reduced maps are negative. Applying (7.1) shows that for some 
large d, the grading of each (0''<^<^>'')'^ will be < —n everywhere. By (7.3), this 
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means that at each point of M there are some Lagrangian tangent subspaces 
whose (^"'-grading is < — n. From this and Lemma 6.9 one gets the desired 
conclusion. □ 

(7b) We wiU now look at the local models for the "large complex structure 
limit" monodromy, first under the rather unrealistic assumption that both the 
symplectic and complex structures are standard, which allows one to integrate 
the monodromy vector field explicitly. 



Assumptions 7.4. Fix n > 2 and 2 < k < n. We take Y = C" with the 
standard complex structure and symplectic form ujy, <ind the map 

p-.C"- — >C, y\ — >yiy2---yk- 

Y should carry the complex volume form ( away from the zero fibre ) 

dyi , dyk ^ , ^ ^ , 
A • • • A A dyk+i A • • • A dy„. 

yi yk 

The monodromy vector field Z is the unique horizontal lift of the clockwise 
rotational field —i(d(^. Explicitly, 



Z 



^,...,^,0,...,0 



In particular, since each \yj\'^ is invariant, the flow ipt of Z is well-defined for 
all times, in spite of the noncompactness of the fibres. As in our discussion of 
Lefschetz pencils, we define complex volume forms rjy^ on the fibres by (formally) 
dividing r/y by some complex one-form on the base, which in this case will be 
dC/C^- As a consequence, if at some point y G = p~^{C) we have a Lagrangian 
subspace A C TYy with Dp{h) = oM, a G 5"^, then the phase of the vertical 
part A'' = A n ker(Dp) inside 1^ is related to the phase of A by 

(7.4) „^^(A^') = _^„^(A). 

For each point y with p[y) = C 7^ 0, consider the Lagrangian tangent subspace 
Ay = myi e • • • © myk © C TYy. This satisfies ay(Ay) = (-1)^ and 

Dp{Ay) = iCK, hence (7.4) says that 



(7.5) «y^(Ap = il(-l 



Ipt takes the Ay to each other, and rotates the base coordinate C) hence it also 
maps the A^ to each other. Let /i^ = ip2n\Yz : Y^ ^ Y^ he the monodromy 
on the fibre over By definition and (7.5), the canonical grading of this map 
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satisfies 



(7.6) 



2tx 

If one passes to a sufficiently large iterate such as /i", the grading on is — 2n, 
hence by Lemma 6.9 the grading of any A is < —n — 1. In a slight abuse of 
terminology (since 1^ is not compact), we conclude that the monodromy is a 
negative graded symplectic automorphism, in a way which is uniform for all 

(7c) A different local model appears at the singular points of the base locus 
of our pencil. In Ruan's work on the SYZ conjecture, see in particular [54], 
these are responsible for the singularities of the Lagrangian torus fibration. For 
closely related reasons, the negativity of the monodromy breaks down at such 
points. 



Assumption 7.5. Fix n > 3 and 3 < k < n. We again take y = C" with the 
standard complex and symplectic forms, but now with the rational map 

\r rr ^ \ y2---yk 

Vi 

in the presence of the complex volume form ( away from the closure of the zero 
fibre) 

dy2 dyk 

T]Y =dyi A A • • • A A dyk+i A • • • A dy„. 

y2 Vk 



Denote by the closure oi p~^{y). For C 7^ Oi each such fibre can be identified 
with C"~^ by projecting to {y2, ■ ■ ■ ,yn)- We will use this identification freely, 
hoping that this does not cause too much confusion. For instance, the symplectic 
form on = C"~^ is given by 

(7.7) Uy^ = ^55(^^1^ + + • • • + \yn\') 

As in our previous model, we write Z for the clockwise monodromy vector field 
(defined by passing to the graph of p) . In view of our identification, this becomes 
a (^-dependent vector field on C"~^, namely: 

\yi\ Iv^r Ivkr 

where yi = 2/2 • • • Vk/C- Again, this preserves I2/2P) • • • , ll/nP, so that the fiow ipt 
is well-defined for all times. 

Taking rjy on the total space and d^/C^ on the base, one finds that the induced 
volume form j^y^ is the standard form on C"^^. At each point y G with 
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2/2 ■ • • yfc / 0, consider the Lagrangian subspace = Miy2 © • • • © ^iyk © M""'^. 
These subspaces are preserved by the flow ipt, and a computation similar to 
(7.6) shows that the canonical grading of the monodromy map = 'il^2n\Y( 
satisfies 

ah,{Al) = -^ , I \ ■ 

This is obviously negative, but of course we also need to consider the grading 
at the points where is not defined. Suppose for simplicity that the sizes of 
the first k — 1 coordinates of y G 1"^ are ordered, \y2\ < lys] < • . • |yfe-i|- Then 

ahj(Ay) < 1^]2 — , 



|y3|2(fc-l) 

which means that the grading is bounded above by something which depends 
on the size of the second smallest coordinate. As a consequence, if one has a 
sequence 

yM^y(oo)^ yM...yM^Oforallm, 

and such that only one of the (^2°°^ . . . , y[.°°^) vanishes, the d!ft^(A^(„)) are 
bounded above by a negative constant, hence cannot go to zero. Roughly speak- 
ing, this means that /i^ is negative away from the subset where at least two of 
the y2, ■ ■ ■ ,yk vanish. In the special case k = n = 3, this subset is a point 
G y^; one can then apply (6.14) and Lemma 6.9 much as in our previous local 
model, to get the following statement: 



Lemma 7.6. Suppose that k = n = 3. Let W <Z he some open hall around 
the origin. Then h(^{W) = W , and there is a d > such that the grading of 
hfKY^ \ W) is negative. □ 



Remark 7.7. As mentioned hefore, ideas associated to the SYZ conjecture sug- 
gest that the monodromy should be a fibrewise translation in a SLAG fibration. 
From this point of view, the negativity of the monodromy is based on the idea that 
the phases of the tangent spaces to the fibration should he shifted by —2. In the 
situation of Assumptions 7.4, this is indeed the case: L^ — T^~^ x M"~^ c Y(^, 
given by 

Lr = {|yiP = n, . . . , lyfcp = rfc,im(yfc+i) = r^+i,. . . ,im(y„) = r„} 

with ri . . . rfc = are special Lagrangian with respect to rjy^ ■ The monodromy 
translates each of them, and the shift is computed in (7.6). For Assumptions 
7.5, there is a standard SLAG fibration with singularities on Y(^ = C"~^ (with 
respect to (7.7) and the standard complex volume form), see e.g. [24]; 

(7.8) Lr = {\yz? - \y2? =ri, ... \yk\'^ - |y2p = rk-2, 

im(y2 ...yk)= rk-i, im(yfc+i) = r^, . . . , im(y„) = r„_i}. 
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However, the monodromy preserves this only asymptotically far away from the 
singular locus, and hence the grading is only asymptotically equal to —2. To see 
more precisely what happens, we apply a symplectic reduction procedure, which 
means mapping ^ C by sending y to w = ?/2?/3 ■ ■ - Uk- The fibres of the SLAG 
fibration lie over horizontal lines in the base C. The clockwise monodromy also 
fibres over a diffeomorphism of C, which rotates each point w by some \w\- 
dependent angle. For \w\ ^0, this is almost a full clockwise rotation, hence 
it approximately preserves the horizontal lines, but near vu = the angle of 
rotation undergoes a full change to —2tt. 

On the other hand, as pointed out to me by Mark Gross, in the K3 case one can 
construct a symplectic automorphism which preserves all the fibres of a SLAG 
fibration. This is obtained by hyperkdhler rotation from a complex automor- 
phism, and it is presumably isotopic to the monodromy map, even though that 
has not strictly speaking been proved. So, it may well be that the failure of our 
local models to preserve the fibrations (7.8), and the corresponding breakdown 
in negativity, could be repaired by an isotopy which is more global in nature. 

(7d) We now relax our previous assumptions on the complex and symplectic 
structures, for the first local model. We choose to work in Darboux coordinates, 
and with a complex structure and holomorphic function which are not standard, 
but which still preserve a T^ symmetry. 

Assumptions 7.8. Fix n>2 and 2 < k <n. 

• Y C C" is an open ball around the origin, carrying the standard sym- 
plectic form u!y o.nd the standard diagonal T^ -action 

Ps{y) = {e'^'^yi, ■ ■ . ,e*'''^yfc,yfc+i, . . .,yn), 

with moment map ^ : Y ^ (]R-°)''\ For any regular moment value r, 
the quotient Y^^'^''' can be identified with an open subset of , with 
the standard symplectic form Wyrcd.r. We denote points in the reduced 
spaces by y"""^ = {yk+i, ■■■,yn)- 

• Jy is a complex structure which is tamed by LOy . At the point y = (but 
not necessarily elsewhere) , it is u!y- compatible and T^ -invariant. 

• p -.Y ^ C is a Jy -holomorphic function with the following properties: 

(i) p(Ps(y)) = e*(^i+-+'^'=)p(?/). 

(ii) . . . dyi^p is nonzero at the point y = 0. 

• Tjy is a Jy-complex volume form onY\p~^{fS), such thatp{y)r]y extends 
to a smooth form on Y , which is nonzero at y = 0. Let ay be the 
corresponding phase function. 
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Lemma 7.9. One can write 

P{y) = 2~^/^?/i?/2 • • •^/fcg(^|yl|^ • • • , ^|yfep,yfc+i, ■■■,yn) 
for some smooth function q satisfying q{0) ^ 0. 

Proof. Consider the Taylor expansion of p around y = 0. From property (i) 
of p one sees that each monomial which occurs with nonzero coefficient in that 
expansion contains one of the factors yi for each 1 < I < k. As a consequence, 
p{y) /{yi . . . yk) extends smoothly over y = 0. The same argument can be applied 
to points where only certain of the coordinates yi ■ ■ - yt vanish. Again applying 
(i), one sees that p{y)/{yi ■ ■ -yk) is T'^-invariant, which means that it can be 
written in the form stated above. Finally, q{0) 7^ is property (ii). □ 

Lemma 7.10. After making Y smaller if necessary, one has 
p{y) = <^=^ yi = for some I = I, . . . , k; 
Dp{y) = <^=^ yi = for at least two I = 1, . . . ,k. 

Proof. Suppose that q{y) 7^ on the whole of Y. Then the first statement 
is obvious, and so is the <^ implication in the second one. Conversely, suppose 
that y is a critical point. Property (i) implies that p{y) = 0, so that yi = for 
some I = 1, . . . ,k. From = Dpy = yi . . . yi . . . y^ q{y) dyi one sees that another 
of the yi, . . . ,yk has to vanish too. □ 

We will assume from now on that the conclusions of Lemma 7.10 hold. Consider 
the function H{y) = —^\p{y)\'^, its Hamiltonian vector field X and flow Since 
H is T'^-invariant, the flow (where defined) is equivariant and preserves the level 
sets of the moment map. For every regular moment value r, we can consider 
the induced function 

(7.9) /7-d,.(yrcd) ^ _ 1^^ _ ^ ^ |^(^^^ ^ ^^^y^^^^ ^ ^^)|2^ 

on y'^d,'-^ j|-g vector field X^^'^^'^ and flow i;^^*^'^'^. If the moment value is small, so 
are (7.9) and all its y'^'^'^-derivatives, which means that the reduced flow moves 
very slowly. We need a quantitative version of this: 

Lemma 7.11. Given ei,e2 > 0, there are 61,62,63 > such that for all 
'r G (]R>o)'= with \ \r\\ < 61, 
< /°<i G y^'^d''^ with lly^^^^ll < 62, 
t£R with \t\ < dsr^^ . . . r'f^^ , 

the following holds: 4)^i^'^ is well-defined near y^'^^, and satisfies 

(7.10) ||C''''(y^°'^)ll<ei, 

(7.11) ||(D<Ar''0,.ed-Id|| <62. 
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Proof. By Lemma 7.9 there are 6i > 0, 62 £ (0; mm(ei/2, €2/2)) and a C > 0, 
such that 

ll^yrcd II, WDX^^J \\<Cri...rk 

for each ||r|| < ^i, ||y'''"^|| < 262 (we use the Hilbert-Schmidt norm for matrices 
^j^red,r^ nomiaHzed to ||Id|| = 1). We claim that one can take ^3 = S2/C. The 
first estimate (7.10) is clear: if one starts at a point y^'^'^ of norm less than 62, 
and moves with speed at most Cri . . . for a time less than 62C~^r^^ . . . r'^^ , 
the endpoint will be of norm less than 282 < ei. Next, use the linearized 
flow to get an exponential growth bound for the time interval t relevant to us: 
I |L'0j'^*^'^| I < exp(Cri . . . rfct) < exp((52). One may assume that exp((52) < 2. 
By plugging this back into the linearized equation, one gets the linear estimate 
WDcj)]'"^''' - Id| I < 2Cri . . . Tkt < 282 < £2, from which (7.11) follows. □ 

We now need to deal with the fact that Jy and r/y are only approximately T^- 
invariant. Let Jy be the constant complex structure on Y which agrees with 
Jy at y = 0. This is wy-compatible and T'^-invariant, so 



J( 



^ \ '^yrcd 

•^yred is the induced complex structure on Y^^'^''^ for all r. Similarly, we consider 
the Jy-complex volume form r/y which is obtained by taking the value of p(y)?7y 
at the point y = 0, and dividing that by yi . . . y^. This can be written as 

yi Vk 

hence is T'^-invariant. rjy^^^, which is the induced complex volume form on 
the reduced spaces, is again constant and r-independent. Let a'y be the phase 
function associated to (Jy,?7y) (unlike ay, this is a classical phase function), 
and a'yrcd.r the induced phase functions on the quotients. 



Lemma 7.12. Given £3 > 0, there is 64 > such that for all \\y\\ < 64 with 
P{y) / 0> '^''T'd all A E ^Y,y, 

^■arg (a'y (A) /ay (A)) 



2lT 



< £3 



(by this we mean that there is a branch of the argument with that property). 



Proof. The quotient ay(A)/ay(A) does not change if we multiply both rjy, 
riy with yi ■ ■ .yk- But by construction, 

yi ■ --ykVY = 2^^/^g(i|yip,. . . , l\yk\'^,yk+i,-- ■ ,yn)"Vy, 

2/1 .. . ykv'y = 2-'=/2^(0)- Vo 

where a is some smooth n-form with ctq 7^ 0, so the associated phases also 
become close as y ^ 0. □ 
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4>t has a canonical grading a^^ with respect to ay, obtained by starting with the 
trivial grading for (pQ and extending continuously. Denote by a^^ the grading 
obtained in the same way, but with respect to a'y There are corresponding 
gradings a' r on the reduced spaces, with respect to a'^^^ r- 

Lemma 7.13. Given £4 > 0, one can find 5^^5q^5j > such that for all 
'r E (M>°)^ with \\r\\ < 65, 

yrcd g yrcd,r with Wy'^'^W < Sq, 

^red g £yrod,r yrcd and 

t€R with \t\ < Sjr^^ . . . r',:^ , 



4>t^'^'^ is well-defined near y^'^^, and its grading is \a' ^^^^^{hJ'^'^)\ < 



64. 



Proof. This is an easy consequence of Lemma 7.11: one can achieve that the 
derivative {D(f>l'^'^'^)yrcd remains very close to the identity in the whole range 
of i's that we are considering. Since the volume form TJy red. r IS constant and 
independent of r, it follows that the grading remains small. □ 

Lemma 7.14. Given £5 > 0, one can find 5s,Sg,5io > such that for all 
y with < \p{y)\ < Ss and \\y\\ < 6g, 

A G ^Y,y, md 

teM. with \t\ < (5lo|^'(y)^^ 
(j)t is well-defined near y, and its grading satisfies |a0((A)| < n + 65. 

Proof. Apply Lemma 7.11 to the corresponding point y^'^'^ in the quotient. In 
particular, one can choose ^10 in such a way that the reduced flow exists 

near y^'^'^ for \t\ < (^io|p(y)|~^- Since the fibres of the quotient map are compact 
(tori), it follows that (pt is well-defined near y in the same range of t. We now 
apply the same basic reasoning as in Lemma 7.3. After possibly making 5^,5g 
smaller, Lemma 7.13 ensures that there is a A G £y^,y such that |d^t(A)| < £5/2. 
By Lemma 6.9, the grading is < 71 + 65/2 for all other Lagrangian subspaces 
at the same point. Finally, one uses Lemma 7.12 to pass from the grading 
associated to ryy to that for r/y, again making the 5s smaller so that the phase 
difference becomes < €5/2. □ 

The next step is to relate (pt to the monodromy. As usual, we take the vector 
field —iCd^ on C*, and lift it in the unique way to a horizontal vector field Z on 
Y \p"^(0). This is well-defined because ujy tames Jy, hence the regular fibres 
y^, C 7^ 0) are symplectic submanifolds. We claim that 

(7.12) Z = fX 
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for some positive function / on Y\p^^{0). First, because H is constant on each 
fibre, the associated vector field X is horizontal. Secondly, because ujy{X, Z) = 
and the space of horizontal vectors TY^ is two-dimensional, it is true that 
X = f~^Z for some /. A little more thought shows that 

(7-13) / = > 0' 

P*L0£\1 

where TY'^ is the wy-horizontal subspace (which is two-dimensional, so any 
two two- forms on it differ by a scalar). Let (ips) be the flow of Z, so that 
h( = "02^1^ is the clockwise monodromy (of course, like (ps this flow is only 
partially defined). As a consequence of (7.12), the unparametrized flow lines of 
4>t and ijjt agree, so 

(7.14) i^tiy) = (t>gt{y){y)-, where gt{y) = j f{i)r{y))dT. 



Lemma 7.15. For every d > 0, eg > there are 6i\,5\2 > such that the 
following holds. For all < |C| < and all y £ Yf^ with \\y\\ < 612, the d-fold 
monodromy /i^ is well-defined, and (7.14) holds for t = 2iTd with 

927rd{y) < 

Proof. Using property (i) of p and its Jy-holomorphicity, one obtains that 
-Dpy( Jy (-iyi,0, ... ,0)) = p{y) and hence (iFy(Jy (-%, 0, . . . , 0)) = |p(y)P = 
It follows that for small y, \\Xy\\ > ci|CP/||2/|| for some ci > 0. Hence 
there is a C2 > such that 

C^'lCWMf <^YiX,JYX) = f-^LJYiZ,JYZ). 

On the other hand, u!y{Z, JyZ) = |CP/ by definition of Z and (7.13), so finally. 

Integrating gives a similar inequality g2-nd{y) < C'3||?/|p/|Cp. Clearly, by re- 
stricting to smaller y one can make the right hand side less than ee/ICP for 
any desired eg (this, by the way, is the crucial estimate in our whole computa- 
tion). □ 

We use Jy-complex volume forms r/y^ on the fibres obtained in the usual way 
from rjY, so that (7.4) holds. Take d > 0, y G y^, and a Lagrangian subspace 
A C TYy with Dp{A) = iCR. This is necessarily of the form A = A'' ® RZy for 
some Lagrangian subspace A^ C Ty{Y(^). By (7.12) and (7.14) one has 



(7.15) D{ijt)y = D{<j)g,)y + (y) ® dC,* = D {(f) g,) y + Z^^(y) f (^^^^y^^ 
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Since A contains Zy^ and V't is the clockwise parallel transport flow, D{\\)t)y{^K) 
contains Z^^i^yy From this and (7.15) it follows that 

and hence by (7.4) that a^j|y^(A*') = e~^'"^'^a^g^{A). By considering the be- 
haviour of this over the time t £ [0; 2Trd] one finds that the canonical grading of 
the monodromy satisfies 

(7.16) a^,iAn = a^^^^^^JA)-2d. 

Lemma 7.16. For every d > and £7 > there are 5i3,5i4 > such that the 
following holds. For every y £ with < |C| < ^13 and \ \y\\ < 614, and every 
Lagrangian subspace A"" C T(l^)y, we have that h^ is well-defined near y, and 
its canonical grading satisfies 

ctf^diA") <n-2d + e7. 

Proof. Lemma 7.14 says that one can choose 613,814 so small that there is a 
^15 > with 

(7.17) |d<^,(A)| < n + e7 

for all \t\ < Si5/\p{y)\'^ . On the other hand, after possibly making 613,614 
smaller, one knows from Lemma 7.15 that \g2-Kd\ < 6i5/\p{y)\'^ , so (7.17) applies 
to the values of t that are relevant for our monodromy map. (7.16) completes 
the proof. □ 

This shows that the basic feature of our first local model, the uniform negativity 
of the monodromy, survives even if one generalizes from the idealized situation 
which we considered first (Assumptions 7.4) to a more realistic one (Assump- 
tions 7.8). In principle, one should carry out a parallel discussion for the second 
local model. This would be rather more delicate, since the grading becomes 
zero along a submanifold; an arbitrary small perturbation can potentially make 
it positive, thereby spoiling the entire argument. Fortunately, in the K3 case 
the second model occurs only at isolated points, and one can achieve that the 
local picture near those points is standard (satisfies Assumptions 7.5), so that 
the previous discussion suffices after all. 

(7e) We will now explain how to patch together the local models to understand 
of the "large complex structure limit" monodromy. This is somewhat similar to 
the strategy used by Ruan to construct (singular) Lagrangian torus fibrations 
[54]. We consider a Fano threefold X with ox = ^jf^i ^-nd a pair of sections 
o"x,0) cx,oo which generate a quasi-Lefschetz pencil of hypersurfaces {^z}. From 
o'x,oo we get a rational complex volume form rjx with a pole along X^o- There 
are canonical induced complex volume forms rjx^ on the fibres X^ (if that is 
smooth and z / 00), which are therefore Calabi-Yau surfaces. In fact, they 
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must be K3s, since H^{X) = for any Fano variety, hence H^{Xz) = by the 
Lefschetz hyperplane theorem. 

Lemma 7.17. One can find a Kdhler form uj'^ in the same cohomology class as 
ux, with the following properties, (i) Near every point where three components 
of Xoo meet, (X, a;^,l/7r) is modelled on (y, u;y,p) from Assumptions 7.4, with 
n = k = 3. (a) Near every point where Xq meets two components of X^o, 
(X, w^, 1/vr) is modelled on (Y,(jJy,p) from Assumptions 7.5, with n = k = 3. 

This is easy because the set of such points (which we wih cah "lowest stratum 
points" in future) is finite. Near each of them, there are local holomorphic 
coordinates in which (X, l/vr) becomes {Y,p). One can then locally modify the 
Kahler form to make it standard, see e.g. [54, Lemma 7.3] or [60, Lemma 1.7]. 

Lemma 7.18. One can find a Kdhler form uj'x in the same cohomology class as 
u!x, which agrees with uj'-^ in a neighbourhood of the lowest stratum points, and 
such that in addition, any two components of X^o meet orthogonally. □ 

Ruan proves a much more general result in [54, Theorem 7.1]. The main idea 
is to apply the techniques from the previous Lemma to each fibre of the normal 
bundle z/ to the intersection of two components of Xo^. 

Before proceeding, we need some more notation. Denote by C the irreducible 
components of X^o, and by Lq = 0{—C) the corresponding line bundles. Let 
7c be their canonical sections, with a zero along C. Take two components 
C 7^ C", and choose a small neighbourhood Uc,c' of C Pi C . On this consider 
the vector bundle 

Nc,c' = LceL-\ 

We want to equip Lc and hence Nc,c' with hermitian metrics and the corre- 
sponding connections, with the following prescribed behaviour near the lowest 
stratum pointsin Uc,c'- 

• If X is a point where C D C meets another component C" , we choose 
local coordinates for X as given by Lemma 7.17, so that Assumptions 
7.4 hold, and a local trivialization of Lq such that 7c(y) = Vi- Take the 
trivial metric on Lq with respect to this trivialization. 

• If X is a point where C D C meets Xq, we choose local coordinates for 
X as given by Lemma 7.17, so that Assumptions 7.5 hold, and a local 
trivialization of Lq such that 7c(y) = 2/2- Again, we take the trivial 
metric. 

Take the Kahler metric associated to lo'^, and use its exponential map to define 
a retraction rc,c" ■ Uc,c' — > C n C" of an open neighbourhood onto C H C. 
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A corresponding use of parallel transport on Nc,c'j with respect to our chosen 
connection, yields an isomorphism Rc,c' '■ ^c,C'\Uc,C' C'(^c,C'\C n C"). 

Taking the two objects together, we have a map 

^C,C' ■ <Jc,c' \ ^0 > ^^C,C'\'JC,C' ^ ^^C,C"|^ I I o . 

Lemma 7.19. After making Uc,c' smaller if necessary, it carries a unique T^- 
action ctq c' which, under vq c' ^ corresponds to the obvious fibrewise T'^ -action 
on Nc,c'\C n C". In particular, 

(7.18) TTMiacc'Ax)) = e-'^''+''KM{x). 

Moreover, at each point of C D C , the action preserves u:'^ and the complex 
structure; the same holds in a neighbourhood of the lowest stratum points. 

Proof. It is sufficient to verify the existence and uniqueness statement locally. 
First, take a point x ^ C r\ C which is not a lowest stratum point. has a 
simple pole along C, and vrj/ has a simple zero along CUC", hence has 
a simple zero along C' . It follows that E,c,C' is transverse to the zero-section at 
X, so yc,C' is a local diffeomorphism; we simply pull back the T^-action by it. 
By definition of the connection on Nc,c"i there is a commutative diagram 

Uc,c' \ ^0 — ^ Nc\c'\Uc,c' — Nc,c'\C n C 




where the unlabeled arrows are the canonical pairings Lc © L-^ C. This 
shows that our pullback T^-action satisfies (7.18). At the point x itself, 

(7.19) Ducc ■.TX^-^T{Cr\C\®N, 

is given by orthogonal projection to C n C" with respect to the ox,2-nietric, 
together with D^x ■ TXx Nx- This is C-linear, which implies that (Jc,c',x 
preserves the complex structure. As for the symplectic structure, observe that 
by Lemma 7.18 TX^ splits into three complex one-dimensional pieces, namely 
T(C n C')x and the normal directions to that inside C, C . On the right hand 
side of (7.19), this corresponds to the splitting of Nx into line bundles. The 
symplectic structures on the each summand do not correspond, but they differ 
only by a scalar, which is enough to conclude that cfc,c' is symplectic at x. 

It remains to deal with the situation near the lowest stratum points. For this, 
we choose local coordinates and the trivialization of Nc^c' as arranged before. 
Near a point of C H C H C", one then finds that vc,C'{y) = (2/87 yij 2/22/3)5 where 
the first component is the coordinate on C H C". Hence, our ac^c' near that 
point is the standard T^-action in the variables yi, y2- Similarly, near a point of 
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C n C" n Xq, vc,C'{y) = (yij 2/2, ys/yi)) so that one ends up with the T^-action 
in the variables ?/2,2/3- These obviously have the desired properties. □ 

We now pick an ordering of every pair {C, C'} of components, and will use only 
the T^-actions crc,c' in that order. 

Lemma 7.20. There is a symplectic form to'^ which tames the complex structure, 
such that for each intersection C Ci C of two components of X^o, there is a 
neighbourhood Uc,c' such that the local T'^ -action pc,c' leaves co'^ invariant. 
Moreover, uj'^ lies in the same cohomology class as uj'^, and agrees with it at 
each point x G CCiC , as well as in a neighbourhood of the lowest stratum points. 

Proof. Let a)c,c' £ ^^(f^c,C") be the result of averaging uj'j^ with respect to 
Pc,C'- This is a closed two-form; it agrees with lo'^ along CcapC, and also 
in a neighbourhood of the lowest stratum points. Using the Poincare lemma 
one can write u)c,c' ~ ~ ^Pc,C'i where (3c,c' is a one-form that vanishes 
to second order along C f] C , and which is again zero in a neighbourhood of 
the lowest stratum point. Take a compactly supported cutoff function ^pc,C' on 
Uc,c'i which is equal to one near CCiC One sees easily that as one rescales the 
normal directions to make the support of ipcc smaller, d{iljc,c' Pc,C') becomes 
arbitrarily small in C'^-sense. It follows that for sufficiently small support, uj'^ + 
dii^CC Pc,C') is a symplectic form which tames the complex structure. This 
agrees with uj'^ near the lowest stratum points, and for that reason, one can 
carry out the construction simultaneously for all intersections C DC' . □ 

Lemma 7.21. Let x £ C n C be a point where two components of X^o meet, 
which is not a lowest stratum point. Then there are local pc^'-equivariant Dar- 
boux coordinates near x, in which X with the map l/vr, the symplectic structure 
Lo'j^, the given complex structure Jx, and the meromorphic complex volume form 
rjx, is isomorphic to {Y,p,ujY , Jy ,Vy) <is in Assumptions 7.8. □ 

This is straightforward checking, which we leave to the reader. The outcome of 
the whole construction is this: 

Proposition 7.22. Let j^o ■ [0;27r] C be a circle of large radius » 0. 
Then the graded monodromy 

hj^ G A^t{MR) 

is isotopic (within that group) to a graded symplectic automorphism (p with the 
following property. There is a finite set T, C X^Ci X^o which admits arbitrarily 
small open neighbourhoods W C X^, such that (j){W) = W and (pl^X^ \ W). 

Proof. The main point is to replace the given Kahler form cox by lo'^, and we 
need to convince ourselves that this is permitted. For each regular X^ there is 
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a symplectic isomorphism 

which carries Xq^oo to itself. This follows from Moser's Lemma together with 
the isotopy theorem for symplectic surfaces with orthogonal normal crossings, 
see [54, Theorem 6.5] for a more general statement valid in all dimensions. Next, 
an inspection of the construction of monodromy maps for ttm shows that they 
can be defined using any symplectic form which tames the complex structure, 
and in particular uj'l^ . The resulting diagram of symplectic maps 

{XR,u:xa) ^ {XR,i^x\XR) 

{Xr,ujx^)^^{Xr,lo';^\Xr) 

commutes up to symplectic isotopy rel Xr^qo- Since Xr is a K3 surface, Remark 
6.3 shows that h^^ is isotopic to oh'^'^ocj)R within Aut{MR). It is no problem 
to take the gradings into consideration. Hence, if h'^'^ has the desired negativity 
property for large R, so will hy^ . 

Let S be the set of those points where two components of Xoo intersect each 
other and Xq. This lies in the base locus of our pencil, hence in every fibre 
Xz- Around each point x G S, choose a neighbourhood Ux C X which is an 
open ball around the origin in local coordinates as in Assumptions 7.5, and set 
U = [j^ Ux- We know from our discussion of the local model that U is invariant 
under parallel transport along large circles. The claim is that for sufficiently 
large R, the grading of 

(with respect to lo'^, the given complex structure and complex volume form 
rjXii) negative on Xr \ U. This is proved by contradiction: suppose that we 
have a sequence R^ — > oo, and points € Xr^^ \ U such that the grading of 
^pR is not negative on some Lagrangian subspace in the tangent space at Xk- 
Consider the limit point of a subsequence, Xoo £ -'^oo \ U. If smooth 
point of Xqo, the grading of ipR at Xz^. converges to —2 for the same reason as 
in the case of Lefschetz pencils, see Lemma 6.11. If point where several 

components of X^o meet. Lemma 7.16 says that the grading of iI^r at x^^ will 
be bounded above by —1/2 for large k (when applying this local result, the 
reader should keep in mind the change of coordinates on the base, C = 1/z and 

dz = dc/e)- 

Fix some R such that the claim made above applies. Take a neighbourhood 
W C U n Xr of S. After making W smaller, we may again assume that in the 
local coordinates of Assumption 7.5, this is the intersection of the fibre Yi/r 
with an open ball around the origin. Lemma 7.6 tells us that h'"^ (W) = W, 
and that h''' is negative on U \ W. □ 
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8. FUKAYA CATEGORIES 

There are Fukaya categories for affine and projective Calabi-Yaus, as well as a 
relative version which interpolates between the two. All of them are c-unital 
gories, but with different coefficient rings: 





notation for 
category 


notation for objects 


coefficient ring 


affine 


T{M) 


n = {L,aL,$L) 


C 


relative 




D = {L,dL,$L,JL) 


An 


projective 




U = {L,dL,$L,XL,JL) 


Aq 



While our definition of affine Fukaya categories is fairly general, in the projective 
and relative setups only Calabi-Yau surfaces (K3 and tori) will be considered. 
This restriction allows us to avoid using virtual fundamental chains, and it also 
simplifies the relation between the different categories: up to quasi-equivalence, 
J-{X, Xao) reduces to J-{M) if the deformation parameter q is set to zero, while 
tensoring with Aq gives a full subcategory of J-{X) (for the definition of J-{X) 
in higher dimensions, see [18]; and for its presumed relation with J^(M), [59]). 
We emphasize that all properties of Fukaya categories which we use are quite 
simple ones, and largely independent of the finer details of the definition. 

(8a) The following is a summary of [61, Chapter 2], with minor changes in 
notation and degree of generality. Let M = X \ X^q be an affine Calabi-Yau. 
Objects of J-{M) are exact Lagrangian branes 

(8.1) L' = {L,dL^L), 

where L C M is an oriented exact Lagrangian submanifold, ctL a grading which 
is compatible with the orientation (see Remark 6.6), and $l a Spin structure. 
To define the morphism spaces, choose for each pair of objects a Floer datum 

{H, J) = (-H'ib Lb, Lb)- 

This consists of a function H G C^{[0; 1] x A/, M), as well as a family J = Jt 
of wx-compatible almost complex structures parametrized by t G [0; 1], which 
for all t agree with the given complex structure in a neighbourhood of X^q. 
The condition on H is that the associated Hamiltonian isotopy should 
satisfy 0^(Lo) rtl Li. We then define (t{LQ, L\) to be the set of trajectories 
X : [0; 1] M, x{t) = (/)^(j;(0)), with boundary conditions x{k) E Lk- This 
is obviously bijective to (P^{Lq) n Li, hence finite. To each such x one can 
associate a Maslov index I{x) and orientation set or(x). For I{x), one observes 
that the grading of Lq induces one of (/)^(Lo), and then uses the index of an 
intersection point as defined in (6.17). or(x) is a set with two elements, the 
two possible "coherent orientations" of x; we refer to [61, 18] for its definition, 
which uses the Spin structures on Lq,Li. The Floer cochain space is the graded 
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C-vector space 

(8.2) CFi,{LlL\)= C,, 

x&eiLlL\) 
I{x)=j 

where C^,. is defined as the quotient of the two-dimensional space C[or(x)] by 
the relation that the two elements of or(x) must sum to zero (it is of course 
isomorphic to C, but not canonically) . In the Fukaya category, CF^ is the 
space of horns from Lq to L\. 

Given 2:0, 2:1 G <t{LQ,L\), we now consider the moduli spaces '^\i{xq,xi) of 
solutions M : M X [0; 1] ^ M to Floer's "gradient flow" equation with limits 
xq^ xi, divided by the R-action by translation. As part of the definition of Floer 
datum, we require that these spaces should all be regular. Assume from now on 
that I{xi) = /(xo) — 1. By an index formula 9Jt]^,J(xo, xi) is zero-dimensional, 
and a compactness theorem says that it is a finite set. A few words about 
this: since the action functional is exact (6.6) and there is no bubbling, we 
only have to worry about sequences of solutions which become increasingly 
close to Xoo. To see that this does not happen, one uses a maximum principle 
argument based on the function — log ||crx,oo|P) which goes to -|-oo at X^o- It 
is plurisubharmonic since 

(8.3) ddlog ||crx,oo|P = --^Vx = 27rza;M- 

Each u G '^JR\j{xq,xi) comes with a preferred identification or{xi) = or(a;o), 
which in turn defines a map C^i — > C^-q- The sum of these over all u is the 
Floer differential : CF^(L^,Li) CFi^^{V'Q,L\), which is the first com- 
position map in the Fukaya category. Its cohomology is the Floer cohomology 
HF^j{Lq, L\), which is therefore the space of morphisms in the cohomological 
category HT{M). 

To define the rest of the Aoo-structure, one proceeds as follows. Take some 
d>2. A (d + l)-pointed disc with Lagrangian labels 

(8.4) (5,Co,...,Cd,n,---,^d) 

is a Riemann surface S isomorphic to the closed disc with d + 1 boundary points 
removed. Moreover, these points at infinity should have a preferred numbering 
Cq, . . . Xd7 compatible with their natural cyclic order. Denote the connected 
components of dS by lo,...,/^, again in cyclic order and starting with the 
component Iq which lies between ^0 and ("i- Finally, we want to have exact 
Lagrangian branes Lg, . . . attached to the boundary components. A set of 
strip-like ends for S consists of proper holomorphic embeddings 

£5,0 : X [0; 1] S, lim,^_oo es,o{s, •) = Co, 

es,i, ■■ X [0; 1] — > S, lim^^+oo es,k{s, •) = (k 

taking x {0;!}, M-" x {0;!} to dS and which have disjoint images. A 
perturbation datum on S* is a pair {Ks, Js) consisting of a family {Js,z}zeS of 
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compatible almost complex structures on X, which agree with the given complex 
structure in a neighbourhood of Xoo, and a one-form Ks G Q} {S , {M 
with values in smooth functions, subject to the condition that Ks{^)\Lk = for 
^ E T{Ik) C T(dS). The behaviour of {Ks, Js) over the strip-like ends is fixed 
by the previously chosen Floer data: 



Suppose that we have made a global choice of strip-like ends and perturbation 
data. This means that for every {d+ l)-pointed disc with Lagrangian labels we 
have chosen a set of strip-like ends {Ks, Js) (the dependence on the other data 
in (8.4) is suppressed from the notation for the sake of brevity). This needs to 
satisfy two additional kinds of conditions: first of all, it needs to vary smoothly 
if we change the complex structure on S in a smooth way, which means that 
it is defined on the universal family of such discs. Secondly, it needs to be 
well-behaved with respect to the compactification of that family, which includes 
degenerations to discs with nodes. This in fact establishes recursive relations 
between the choices of perturbation data for different d, see [61] for details. 

Supposing that all these conditions have been met, take xq £ £(Lq,L^) as well 
as Xk € (i(L^_-^, L^) for A; = 1, . . . , d. Define dyt'l.j{xQ, . . . , Xd) to be the space 
of equivalence classes of pairs consisting of a {d + l)-marked disc with labels 
Lq, . . . , L^, and a solution of the following generalization of Floer's equation for 
a map n : 5 — > M: 



Here Ys G n^{S,C^{TM)) is the Hamiltonian-vector-field valued one-form de- 
termined by Ks- The equivalence relation on pairs is isomorphism of the un- 
derlying Riemann surfaces, compatible with all the additional structure, and 
composition of maps u with that isomorphism. The resulting quotient space is 
(locally) the zero-set of a Fredholm section of a suitably defined Banach vector 
bundle. Generically, this will be transverse, and then yyi'lj{xQ, . . . , Xd) is smooth 
of dimension I{xq) — I{xi ) — ... — I{xd) + d — 2. Moreover, the zero-dimensional 
spaces are finite. It is maybe worth while stating the basic energy equality 
which underlies the compactness argument. Choose primitives K^^ for 9\Lk- 
Define the action of the limits Xk by a generalization of (6.5), 




(8.5) 



n(4) C Lfc, 

< {du{z) - Ys^z,u{z)) + Js,z,u{z) ° (du - Ys^z^u{z)) oi = 
lim^^ioo u{es,k{s, ■)) = Xk- 




+ 



J i/^^^^^(xo(t)) dt + KlAxo{1)) - Kl,{xo{0)) k = 0, 

fH^, r^,{xk{t))dt + KL,{xk{l))-KL,_,{xu{Q)) k = l,...,d. 

fc — 1 ' k 
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Then for u £ dXl'lj^Xo, ■■■ ,Xd), 

Eiu)":^^ [ \du-Y\^ 
Js 

(8.6) d 

= A{xo)-Y,Mxd)- / u*{-dKs + l{Ks,Ks}). 
k=i 

The integral on the right hand side can be bounded by a constant which is 
independent of u, because the curvature term —dKs + ^{-fCs,-fCs} vanishes 
over the strip-hke ends of S. Of course (8.3) also plays a role in the proof of 
compactness, as was the case for the Floer differential. To continue with the 
main story: any element of a zero-dimensional space 9Jt^j(xo, . . . ,Xd) defines a 
canonical bijection 

(8.7) or{xQ) = or{xi) x^/a • • • x^/a or{xd). 

The order d composition map //^^ in J^{M) is the sum of the corresponding 
maps ■ ■ ■ ® C^i Cj^Q (the order is reversed according to our notational 

conventions for ^oo-categories). There are additional signs which involve the 
Maslov indices I{xk), but since they depend on the conventions about deter- 
minant lines used in setting up the orientation spaces, we prefer not to spell 
them out here. J-{M) is independent of all the choices (Floer data, strip-like 
ends, perturbation data) made in its construction up to quasi-equivalence, and 
indeed quasi-isomorphism acting trivially on the objects. 

Remark 8.1. Suppose that no irreducible component of X^q is rational. Then 
one can use a wider class of almost complex structures, namely all those ux- 
compatible ones such that each irreducible component C C X^o is an almost 
complex submanifold. Instead of using (8.3) to prevent solutions of Floer 's equa- 
tion and its generalization from escaping into X^o, one now argues as follows: 
if the solution stays inside M , its intersection number with C is zero. The 
limit of a sequence of solutions has the same property, and nonnegativity of 
intersection multiplicities shows that the limit is disjoint from X^o (more pre- 
cisely, one thinks of a solution of (8.5) as a map u : S ^ S x X which is 
pseudo-holomorphic for a suitable almost complex structure, and considers its 
intersection with S x X^). Similarly, in the inhomogeneous terms one can use 
Hamiltonian functions on X whose values and first derivatives vanish on X^o- 

(8b) Let M be an affine Calabi-Yau, equipped with a homomorphism 

p : 7ri(M) — > r 

into some finitely generated abelian group T. Consider the associated abelian 
covering M-p — > M. Denote by J-{M)p the full subcategory of J-{M) consisting 
of those branes U such that the composition vri(L) ■ki{M) ^ T is trivial. For 
each of these choose a lift Lr C Mr. Once one has done that, the /lom-spaces 
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split as 

where the 7-summand consists of those x G (t{LQ,L\) whose unique hft xt : 
[0; 1] Mr with xr(0) G Lo,r satisfies 7~^(a;r(l)) S Li^r- Because each pseudo- 
holomorphic polygon can be lifted to Mr, these splittings are compatible with 
the compositions, in the sense that 

This constitutes a T-coaction on our ^co-category. For general nonsense reasons, 
it defines an action of the character group T* = Hom{T,C*): elements x S T* 
act on each CFIj{Lq, L\)^ by scalar multiplication with xil) ^ C*. 

What we actually need is a parallel but slightly different geometric setup. Let 
M = X\X 00 be an affine Calabi-Yau, and T a finite abelian group acting 
on X by Kahler isometrics. This should come with a lift of the action to ox, 
which preserves Ax and is compatible with the induced action on ICx via the 
isomorphism Px (6.18). Finally, we require that the action preserves ax, 00 
up to multiplication with |mx|-th roots of unity (for mx = these may be 
arbitrary constants in S^), and that it is free on M. As a consequence of these 
assumptions, the one- form 6m and the holomorphic volume form ijm are F- 
invariant. Let M = M/T be the quotient, with its inherited symplectic form 
lOm, one-form 9^ and holomorphic volume form r]ff. Note that — log Hcx.oolP 
also descends to a proper subharmonic function on M. One can therefore define 
the Fukaya category T{M) in the same way as for M itself, using almost complex 
structures which agree with the given complex structure outside a compact 
subset (this is in spite of the fact that the obvious compactification X = X/T 
may be singular). There is a tautological homomorphism p : 7ri(M) — > F, whose 
associated covering is Mr = M. The observation made above applies to this 
case as well, so one has a F*-action on T{M)p. Take the semidirect product 
^00-category, as defined in Section 4b. 



Lemma 8.2. !F{M)p x F* is quasi-is amorphic to the full subcategory of !F{M) 
consisting of those branes in M which satisfy ^{L) D L = f!> for all nontrivial 
7 G F. □ 



The proof is straightforward, and we leave it to the reader. Note that the F*- 
action is not quite unique, since it depends on choosing lifts for the branes; but 
different choices lead to group actions related by (elementary) inner automor- 
phisms as in (4.1), which explains why the semidirect product is the same for 
all choices. 

(8c) Let X be a projective Calabi-Yau surface, and L C X a Lagrangian sub- 
manifold which admits a grading. An wx-compatible almost complex structure 



HOMOLOGICAL MIRROR SYMMETRY 



63 



J is called regular with respect to L if there are no non-constant J-holomorphic 
spheres, and no non-constant J-holomorphic discs with boundary on L. 

Lemma 8.3. Almost complex structures which are regular with respect to a given 
L are dense within the set of all ujx- compatible almost complex structures. 

Proof. Since ci{X) = 0, the virtual dimension of the space of unparametrized 
J-holomorphic spheres at a point v \s A + 2(ci(X), [v\) — 6 = —2. Standard 
transversality results tell us that for generic J, there are no J-holomorphic 
spheres that are somewhere injective; and since any non-constant sphere is a 
multiple cover of a somewhere injective one, there are no non-constant spheres at 
all. The argument for discs goes along the same lines: because of the grading, the 
Maslov number ^i{w) of any disc in [X, L) vanishes, and the virtual dimension 
is 

(8.8) 2 + ii{w) - = -I. 

Again, this shows that for generic J, there are no somewhere injective discs. 
The decomposition theorem of Kwon-Oh [38] and Lazzarini [39] says that if 
there is a non-constant J-holomorphic disc, there is also a somewhere injective 
one, which implies the desired result. □ 

Objects of TiX) are rational Lagrangian branes 

(8.9) L« = (L,aL,$L,AL, Jl) 

where L is an oriented Lagrangian submanifold of X with a grading ai and 
Spin structure $i, ; is a covariantly constant multisection of the circle bundle 
of ox\L of some degree di, > 1; and Jl is an wx-compatible almost complex 
structure which is regular with respect to L. For any pair of objects, we take a 
Floer datum 

{H,J) = {Hji ji,Jji ji) 

as before, except that the conditions on the behaviour of H and J near X^o are 
omitted, and the following new requirements imposed instead: Jt must be equal 
to Jip, for t = 0, 1; and there should be no non-constant Jt-holomorphic 
spheres for any t (this is still true generically, because the virtual dimension of 
the parametrized moduli space is —1). Define the set £(Lq,L5^) as before; and 
for any x : [0; 1] — > X in that set, write A{x) = A{x{l)) for the mod Q action 
(6.2) of x(l) as an intersection point of (/)^(Lo) H Li (where we have used (6.1) 
to get a multisection of ox\4>\j{Lo) from Xlo)- To spell this out, we have 

exp(27ri^(x)) = .^.^^ ^"^^.^jj.. exp (27ri /' Ht{x{t)) dt 
«;(Alo(x(0))) V Jq 

where k is parallel transport on ox along x. For any number r G K/Q, we 
define a one-dimensional Ajj-vector space (7^Aq whose elements are formal series 
/('?) — X^m^m?™' with m running over all real numbers in r -|- for some 
natural number d which depends on /, and Om G C vanishing for sufficiently 
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negative m. Write Aq^^; for the quotient of q^^^^ AQ[or{x)] by the relation that 
the two elements of or{x) sum to zero. Then the Floer cochain space is 

CFj,{LlL{)= Aq,.. 

X6C(L«,L«) 
I{x)=j 

Denote by 9Jt^(xo,xi) the space of solutions of Floer's equation in X with 
limits xq,xi (this means we drop the previous assumption that the solutions 
stay in M). As before, we require that this is regular, and in particular zero- 
dimensional in the case I{xi) = I{xq) — 1. Take a solution u in such a zero- 
dimensional moduli space, and let E{u) = J \du/ds\'^ dsdt > be its energy. A 
version of (6.3) shows that E{u) £ A{xo) — A{xi) + l.c.m.{dLo,dL^)~''L, so that 
we get a well-defined AQ-module map 

The sign of this is determined by the induced bijection of orientation sets, as 
before, and summing over all u yields the Floer diff'erential /u^ in !F{X). The 
sum is no longer finite, but it gives a well-defined AQ-module map by Gromov 
compactness; the basic point being that there is no bubbling off of holomorphic 
discs or spheres, by assumption on the Floer datum. Denote the resulting Floer 
cohomology by HF'^{Lq,L\). 

The definition of the higher order compositions is largely similar. One may use 
only perturbation data {Ks-, Js) where Js = Jl^. over the boundary component 
Ik C dS. It is no longer possible to avoid Jg^^-holomorphic spheres for some 
values of z G int{S), but the argument from [30] shows that for a generic choice 
of Js, these spheres will never occur as bubbles in the Gromov compactification 
of the spaces 9Jt^(xo, • • • ,x^) as long as these are of dimension < 1, which is 
all that we will ever use. Equation (8.6) still holds if we replace all the actions 
by their mod Q counterparts. We define the contribution of a point (S, u) in a 
zero-dimensional moduli space 971^ (xq, • • • , x^) to fij^ to be 

(8.10) ±qEiu)+J,u*i-dKs+'^{Ks,Ks}) . ^^^^^ ^ . . . ^ ^^^^^ _^ ^^^^^^ 

with the sign again depending on (8.7). There is a uniform lower bound for the 
Jg term. This, together with Gromov compactness, ensures that the sum is a 
well-defined Adj-multilinear map. 

Remark 8.4. The choice of Xl serves only to fix the action: the Floer coho- 
mology groups for different choices are isomorphic in an obvious way, by mul- 
tiplication with q^ for some m € Q. In particular, changing Xl does not affect 
the quasi-isomorphism class of the resulting object in J^{X) . 

(8d) Take X as before, but now equipped with a section ax,oo of ox whose zero 
set Xoo is a reduced divisor with normal crossings, so that M = X \ X^o is an 
affine Calabi-Yau surface. Following Remark 8.1, we also assume that X^o has 
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no rational components. The objects of the relative Fukaya category T{X,Xoa) 
are a mixture of the two previously introduced classes, (8.1) and (8.9). One 
considers relative Lagrangian branes 

(8.11) = iL,aL,$L,JL) 

where (L, ai, $l) is an exact Lagrangian brane in M; and Jl is an w^-compa- 
tible almost complex structure on X such that each component of X^o is an 
almost complex submanifold, and which is regular with respect L. The re- 
striction on Jl\Xoo does not interfere with the regularity theory for somewhere 
injective pseudo-holomorphic spheres v : S'^ ^ X, since v~^{Xoo) is necessarily 
a finite set, while the set of somewhere injective points is open; and the same 
applies to pseudo-holomorphic discs. For any two objects, choose a Floer datum 

{H, J) = (i^ih^iJ.^i^^iO 

such that H G C°°([0; 1] x X,R) vanishes along [0; 1] x Xoo, along with its 
first derivative; and Jt\Xoo makes the components of X^o almost complex. In 
addition, we assume that Jk = Jl^ fo^' ^ = 0) li ^^^d that there are no non- 
constant J(-holomorphic spheres for any t. 

We have the usual set t^L^Q^L^) of if-trajectories joining Lq to Li, and for x 
in that set we define A^^a, in the same way as C^;, just using K^ instead of C as 
the ground ring. The Floer cochain space in T{X,Xoo) is 

x&€(lIl\) 
I{x)=j 

For the Floer differential, each u G 9Jt^(xo,xi) contributes with ^q^'^^ \ 
An.xi — *■ An,xo- This makes sense for a single u since the number u ■ X^o is 
nonnegative; and Gromov compactness, together with a version of (6.6), says 
that the possibly infinite sum over all u gives rise to a well-defined map . 
Denote the resulting Floer cohomology by HF^-^ (Lq,L^). The definition of 
the higher order compositions works in the same way, and we will therefore omit 
the details. 



Remark 8.5. Let X, X' be two Calabi-Yau surfaces, with sections crx,oo, fx'.oo 
of their ample line bundles ox, ox' which define reduced divisors with normal 
crossings, having no rational components. Suppose that there is a symplectic 
isomorphism 

cj^:{X,X^)^{X\X'^) 
with the following additional properties: Hom{ox,4'*Ox') the trivial flat line 
bundle, and over M = X\Xoo, its covariantly constant sections lie in the same 
homotopy class of nowhere zero sections as (j)* cr x' ,c<} / ^ x ,oo ■ Moreover, under 
the isomorphism (unique up to homotopy) fCx — (p*K^x' induced by deforming 
the almost complex structure on X to the pullback of the one from X' , the 
nowhere zero sections r]x and (j)*r]x' are homotopic. Then, by suitably choosing 
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the Floer and perturbation data, one can define an induced quasi-isomorphism 
of Aoo- categories over An, 

In the case where Hi[X) = 0, all the additional conditions imposed on (p oltc 
automatically satisfied, for the same reasons as in Remark 6.3. 

(8e) Finally, we need to establish the relation between the different kinds of 
Fukaya categories. Let X be a Calabi-Yau surface with a suitable section ax,oo-, 
so that J^{M), J-{X) and J-{X,Xao) are all defined. 

Proposition 8.6. Consider C as a Afq-module in the obvious way, with q acting 
trivially. Then the C-linear A^o- category obtained from !F{X,Xoo) by reduction 
of constants, J-{X,Xoo) is quasi- equivalent to J-{M). 

Proposition 8.7. Consider Aq D Apj as a k^-module in the obvious way. 
Then the Aq-linear category obtained from T{X,Xao) by extension of constants, 
oo)'S>'AnAq, is quasi-isomorphic to a full A^-subcategory ofJ-^X). This 
subcategory consists of all those such that L D X^o = 0, ox\L is the trivial 
flat bundle, and its covariantly constant sections lie in the same homotopy class 
as ax,oo\L. 

Both statements are essentially obvious. For Proposition 8.6, one notices that 
setting (7 = means that we count only those solutions of Floer's equation or 
its generalization which have zero intersection number with, hence are disjoint 
from, Xoo- Then, the only difference between J^{M) and J^{X, A'oo)'8)AnC is that 
the latter category has more objects, consisting of the same exact Lagrangian 
brane with different choices of Jl- However, all these objects are isomorphic, 
whence the quasi-equi valence. For Proposition 8.7 one has to choose a function 
Kl, dKi = 9m\L, for each exact Lagrangian brane in M. The associated object 
in J-{X) then carries the multisection \l from (6.4), and one identifies 

(8.12) CF(*^^^^)(4,Ll) Aq ^ CF1(L«,L«) 

by using the map g"^(^) : A^^a, (g)AN -^Q ^Q_,x on each one-dimensional subspace. 
The compositions in the two categories are based on the same moduli spaces, 
and the fact that the weights used to count solutions correspond under (8.12) is a 
consequence of (6.6) and a suitable generalization. Clearly, J^(X, Xoo)'8'An Aq is 
not all of J-{X), since only the objects which are exact Lagrangian submanifolds 
in M occur. 

(8f ) While the basic properties of affine Fukaya categories are familiar and quite 
simple, see for instance [61], the relative and projective versions reserve some 
small surprises. These are all covered by the powerful general theory from [18], 
but we prefer a more elementary approach. The relative situation is the more 
important one for the arguments later on, and we will consider it primarily. 
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Fix an affine Calabi-Yau surface M = X \ X^q , without rational components in 
Xoo- Take an exact Lagrangian brane {L,aL,9L) in M, and a one-parameter 
family Jt {0 < t < 1) of compatible almost complex structures, all of which 
make the components of X^o almost complex, and are regular with respect to 
L. These give rise to a family of objects of J-{X, Xoo), which we denote by LJ. 
By suitably adapting the construction of Piunikhin-Salamon-Schwarz [48], one 
defines a canonical isomorphism 

(8.13) H^x,x^ : H*iL;C)^cAn ^ HFl^jLlLl). 

In the special case where Jt is constant, one can use this to obtain a distinguished 
element e = H"^x,Xoo{^) ^ -^-^x x^j ("^O' -^o)' which is in fact the cohomological 
unit for Lq in HJ^{X, Xoo)- The more general isomorphisms (8.13), for different 
choices of almost complex structures, carry the ordinary cup product to the 
pair of pants product. This eventually shows that Lq, L\ are quasi-isomorphic 
objects. A slight generalization, which in fact is already implicit in our use of 
Floer data, then proves the following 



Lemma 8.8. Let Lt be a family of Lagrangian submanifolds of M , and L\ a 
family of relative brane structures on them, varying smoothly with t. Then all 
L\ are quasi-isomorphic objects of J^{X, X^o)- □ 



Note that because all the Lt are supposed to have relative brane structures, 
they are in particular exact in M, so that the isotopy is Hamiltonian. 

(8g) We will now summarize the definition of H^x,Xoc- Pick a cohomology 
class c S IL^{L]'L), and represent its Poincare dual by a map ^ : C ^ L from 
a closed oriented manifold C (recall that L is a surface). Take the Riemann 
surface 5 = H, the closed upper half plane, and consider a generalized Floer 
equation for pairs (u, y) consisting of a map u : S ^ M and a point y £ C, 

u{dS) C L, 
u{0)=j{c), 

{du - Ys^u(z),z) + Js,z,u{z) ° [du - Ys^u(z),z o «) = 0, 
lim,^+oo^x(e-(^+^*)) = Xo(l - t), xo G ^{LIL\). 

The choice of almost complex structures Js and inhomogeneous term Ys has to 
obey a whole series of conditions, of which we mention only the most relevant 
one: along the boundary dS = M, Js,z = J^(z) foi' some function : R — > [0; 1] 
with V'(s) = for very negative s; iIj{s) = 1 for very positive s; and iIj'{s) > 
for all s such that V'(s) G (0; 1). 

Assume that the moduli spaces (xq; 7) of solutions of (8.14) are all 

regular. If /(xq) = j, the relevant moduli space is zero-dimensional, and every 
{u, y) in it comes with a canonical choice of point in or{xQ). This will define an 
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element ±q^'^°° £ An,xo j and the sum of all these is denoted by 

The proof that this is a Floer cocycle relies on a standard gluing argument: one 
looks at the (one-dimensional) moduli spaces 971* x (^o; 7) with I{xo) = j + 1, 
and proves that points in the boundary of their Gromov compactification are 
pairs consisting of an isolated solution which contributes to ^x,x^i'l) and a 
Floer gradient trajectory. The main point is that due to the choice of J5, 
there is no bubbling off of pseudo-holomorphic discs. By definition, the Floer 
cohomology class of ^x,Xoo(7) is -ff ^I/x.Xoo (c ® !)• 

(8h) The assumption made up to now, that all the Jt are regular, is not generic: 
while a single almost complex structure will typically admit no nonconstant 
pseudo-holomorphic discs with boundary on L, these can no longer be avoided 
in one-parameter families, as one can see from (8.8). In other words, the space of 
all almost complex structures is divided into chambers by codimension one walls 
consisting of non-regular ones. Because there is an infinite number of possible 
homotopy classes of discs, there is potentially an infinite number of walls, which 
might well be everywhere dense. We will look at the simplest instance of the 
behaviour of Floer cohomology under wall-crossing (a complete treatment is 
beyond our scope here, since it requires techniques that can deal with the lack 
of transversality for multiply-covered discs, see [18]). 

Assumptions 8.9. Fix an exact Lagrangian brane (L,a/,,$i) in M, and a 
family [Jt) of compatible almost complex structures, each of which makes the 
components of X^o almost complex. Suppose that this family has the following 
properties: 

• Jq, Ji are regular with respect to L; 

• for all t, there are no Jfholomorphic spheres v : S"^ ^ X such that 
V ■ Xoo = 1; 

• there is a to € (0; 1) such that for all t 7^ to, no Jfholomorphic discs 
w : {D,dD) — > {X,L) with w • X^o = 1 exist. For Jt^, there is exactly 
one such disc, which we denote by wq. This is parametrized-regular, and 
[wQ\dD] G Hi{L) is nonzero. 

The terminology in the last sentence may require some explanation. Denote 
by Ddyo^x ■■ T{w*TX,w*TL) n^'^{w*TX) the standard linearized operator 
associated to a Jt-holomorphic disc w : (D, dD) — > [X, L). Here T{E, F) means 
sections of the vector bundle E ^ D with boundary values in the totally real 
subbundle F C E\dD. The parametrized version, 

Dd'P^^x ■ ^ X T{w*TX,w*TL) — > n°^\w*TX), 

adds a first component 1 1— > ^(dJt/dt)odwoi. If this is onto in suitable Sobolev 
completions, we say that w is parametrized-regular. 
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Consider the equation (8.14) as before, choosing tp in such a way that V'(O) = io- 
For solutions {u,y) G X i^o'il) with /(xq) = j, which occur in zero- 
dimensional moduli spaces, one can achieve by a suitable generic choice of 
{Ks, Js) that u{z) does not meet the boundary of j0(^)-holomorphic discs in 
{X, L), for any z S M. Hence one can define Floer cochains ^x,Xcx, (t) ^ before. 
Expand these and the Floer differential on CF^ -^^{Lq, L\) into powers of q, 

^x,xM = ^0(7) + ^1(7)9 + ^2(7)9^ + • • • , 
l^x,x^ = /^o + Mi9 + f^2q^ + ■■■ 

Claim 8.10. ^0^0(7) = 0; indeed, is an isomorphism between H*{L;C)'S'A^ 
and the cohomology of CF^ -^^{Lq, L\) with only fiQ as differential. 

This is simply the statement of the Piunikhin-Salamon-Schwarz isomorphism 
for L as an exact Lagrangian submanifold in the affine Calabi-Yau M: by 
Proposition 8.6, /Uq = Mm differential in !F{M), and similarly ^'o counts 

solutions of (8.14) which stay inside M. 

Claim 8.11. Suppose that {C,j) = (L,id) is the whole surface. Then 
/ii^o(7) +Mo'I'i(7) = i^^oiwoldD). 

The ^Q{wQ\dD) term comes from a new stratum in the compactification of 
the one-dimensional moduli spaces, which consists of solutions of (8.14) with 
the disc bubble wq attached to it at the point z = 0. Under the regularity 
condition on wq that we have imposed, these are smooth boundary points of 
the compactification. 

A straightforward computation starting from the two claims above shows that 

HFlxjLlL\) = Q. 

In particular Lq, L\ are not quasi-isomorphic as objects of T{X, X^o). More- 
over, if we cut off the g-series after the first order, then by the same kind of 
computation as before the natural map 

(8.15) H^iCF^^jLlLl) C[q]/q') ^c[,W ^ ^ H\CFI,{LI L\)) 

vanishes. More precisely, both sides are isomorphic to C, but the left hand side 
is represented by the cocycle q'^odL]), which maps to zero. As a consequence. 

Corollary 8.12. Suppose that there is some {L,aL,$L) such that Assump- 
tions 8.9 hold. Then J^{X,Xoo), seen as a one-parameter deformation of A^o- 
categories, is nontrivial at first order in q. □ 

(81) Our assumption that [i(;o|9-D] G Hi{L) is nontrivial obviously excludes 
Lagrangian spheres, and indeed wall-crossing in trivial in that case: 
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Lemma 8.13. Up to quasi-isomorphism, a graded Lagrangian sphere L in M 
gives rise to a unique object of J-'{X,Xoo)- 

Proof. Take two objects Lq,L\ obtained by various choices of relative brane 
structures on L (keeping the same grading). Clearly, these two objects are quasi- 
isomorphic in !F{X,Xoo) i^An C = !F{M). Because there is no odd-dimensional 
cohomology, the quasi-isomorphism between them survives to an element of 
HF^ j^_^{Lq, L\), and an obvious spectral sequence argument shows that this 



Remark 8.14. Essentially all of our observations concerning relative Fukaya 
categories carry over to the projective case. First of all, we have an analogue 
of Lemma 8.8, saying that the isomorphism class of an object ol J-{X) remains 
constant under smooth deformation. Secondly, crossing a wall on which a sin- 
gle lowest area holomorphic disc wq sits does change the isomorphism class of 
an object, assuming as before that wq is parameterized-regular and [wo\dD] is 
nontrivial. Finally, for graded Lagrangian spheres in X we have the same state- 
ment as in Lemma 8.13. The proofs are quite similar, except that the filtration 
by intersection numbers with X^o has to be replaced by a filtration by values of 
the action functional. This follows methods that were pioneered by Oh [47] and 
vastly developed in [18]. In our case, the rationality assumption simplifies the 
technical details somewhat, since it makes the filtration discrete. 

(8j) As shown by Corollary 8.12, one can use wall-crossing phenomena in the 
relative Fukaya category to prove its nontriviality in the sense of deformation 
theory; provided of course that one can come up with a Lagrangian submanifold 
for which wall-crossing actually occurs. To make that easier, we now suppose 
that the Calabi-Yau surface under discussion is the fibre of a quasi-Lefschetz 
pencil, so that the desired Lagrangian submanifold can be first constructed in 
the degenerate fibre at oo. 

For this discussion, we change notation as follows: X is a Fano threefold with 
Ox = 1 carrying a pair of sections axfli(yx,oo which generate a quasi- 
Lefschetz pencil of Calabi-Yau surfaces {X^}. To be able to define the relative 
Fukaya categories, we assume that Xq ^o has no rational components. 

Fix some irreducible component C of Xqo, and denote by C the union of all 
the other components. There is an obvious short exact sequence 



(8.16) ^ rc7 ^ TX\c ' ' > Oc{c n - c n c") ^ 0. 



From the resulting isomorphism Kc ^ /Cx|C lCx {-C')\C ^ Oc{-C' n C) 
one obtains a meromorphic two-form r]c on C with simple poles along C Pi C . 
Similarly, from ^xjC* and crx,o|C one obtains a one- form Oc on C \ Xq with 
dOc = ujc = ^^x\C. 




□ 
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Assumptions 8.15. Suppose that we have the following data Lq, wq: 

• Lq d C is a Lagrangian submanifold, disjoint from C U Xq, exact with 
respect to 6c, and graded with respect to rjc- This implies that the Maslov 
number and area of any holomorphic disc w : {D, dD) — > (C, Lq) can he 
computed as intersection numbers: 

fi{w) = 2{w ■ C), 

J W*L0C = w ■ Xq. 

• Wq : {D,dD) — > (C, Lq) "is a specific holomorphic disc with wq ■ Xq = 
wq-C = 1. The point wo{0) should lie in C'CiXq, and [wo\dD] G Hi{Lq) 
should be nontrivial. Take the linearized operator of wq, and restrict its 
domain to those sections ^ with ^(0) = 0. We ask that this restriction, 
denoted by 

(8.18) Ddll^^c ■■ TKTC, w*oTLoY'^^ n^'\w*TC), 

should have one- dimensional cokernel (in suitable Soholev spaces). 

• Moreover, 

(i) every holomorphic disc w in {C, Lq) with w ■ C = w ■ Xq = 1 and 
w{0) € C" n Xq is equal to wq, up to a possible action of C 
Aut{D); 

(ii) there are no holomorphic discs w in (C, Lq) with w-C = 0, w-Xq = 

1; 

(iii) there are no holomorphic spheres v in C with J v*ujc = 1- 

One can put Lq into a smooth family {Ls} (for s G M, \s\ small) of Lagrangian 
submanifolds, Ls C Xi/g, such that the union L = [J^ Ls is Lagrangian (but of 
course not closed) in X. In fact, the condition on L determines the Lg uniquely, 
since it means that they get mapped into each other by symplectic parallel 
transport in M-direction. 

Lemma 8.16. For each s ^ 0, Lg is an exact Lagrangian submanifold in the 
affine Kdhler surface Mijg, and graded with respect to rjXi/^- 

Proof. Supposing that s ^ remains sufficiently small, one has Ls H Xq = 0, 
and since Xi/s^iXq = Xi/griXoo, also LgCiXoc = 0- Because ox\Loc is trivial and 
L is Lagrangian, ox\Ls is trivial for any s. Moreover, its covariantly constant 
sections lie in the same homotopy class of nowhere zero sections as ax,o\Ls, 
because that is true for s = 0. On the other hand, crx,oo/o'x,o is constant on 
Ls, so the covariantly constant sections are also homotopic to o'x,oo\Ls, which 
is equivalent to exactness. The argument with the grading is essentially the 
same. □ 



Exactness of Lq with respect to 6c means that the area of holomorphic discs 
in (C, Lq) is integral. Our disc wq has minimal area, since by assumption 
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/ WqUJc = "Wo • Xq = 1. By [38, 39], wq has a somewhere injective point. Stan- 
dard transversahty arguments tell us that there is a family {Jc,r), for r G M 
with |r| small, of compatible almost complex structures on C such that Jc,o is 
the given complex structure, and which makes wq parametrized-regular. Since 
the set of somewhere injective points is open, and wq intersects C U Xq only in 
wo{0), one can assume that all Jc,r are equal to Jc,o near C ri{C' U Xq). Having 
that, one can extend them to a family {Jx,r) of compatible almost complex 
structures on X, such that again Jx,o is the given complex structure, and with 
the following two properties for all r: Jx,r = Jxfl near Xq; and the projection 
■K~^ = (Jx.oo/cyxfl ■ X \ Xq — > C is Jx,r-holomorphic. 

Consider the moduli space OJ^P'^^'^ of pairs {r,w), where w : {D,dD) — > {X,L) 
is a Jx^r-holomorphic disc such that w ■ Xq = 1 and w{0) £ XqCi C, divided by 
the action of 5^ by rotation on D. 

Lemma 8.17. For every {r,w) in this moduli space, the image of w is contained 
in some fibre Xi/g of the Lefschetz pencil, with s G M. 

Proof. Consider the meromorphic map vr"^ o w : D C. w intersects Xq 
only at w{0) and with multiplicity one. At the same point it intersects X^o, and 
this implies that vr"^ o tt; is in fact holomorphic. Since its boundary values are 
real, it must be constant. □ 

Lemma 8.18. Let {rk,Wk) be a sequence of pairs, where Wk : {D,dD) iX,L) 
is a Jx,rf,-holomorphic disc with J w'^ux = 1, whose image is contained in 
Xi/g^ for some Sk / 0. Suppose that rk,Sk — > 0; then the Wk, after a pos- 
sible reparametrization by automorphisms of D and passing to a subsequence, 
converge to wq. 

Proof. Gromov compactness tells us that the limit of a subsequence is a stable 
disc in X^o , but in our case each non-constant component contributes an integral 
amount of energy, which means that there can be only one of them. Further- 
more, the case where the non-constant component is a sphere is excluded by 
part (iii) of our assumptions. We conclude that after passing to a subsequence, 
the convergence is in C°°-sense towards a limit which is a holomorphic disc 
w:{D,dD)^{C,LQ). 

We know that w ■ Xq = 1, and (ii) says that w must intersect C . Every z £ D 
such that w{z) G C" must also satisfy w{z) G Xq, otherwise the disc w could 
not be the smooth limit of discs in the fibres Xi/g^. In fact, a closer look at the 
local geometric situation shows that w ■ C < w ■ Xq. Hence w ■ Xq = w ■ C = I, 
and after reparametrization we may assume that w(0) G Xq n C", so an appeal 
to (i) finishes the argument. □ 
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For the next step, we need to compare the hnearized operators associated to wq 
as a holomorphic disc in C and X. From (8.16) one gets a diagram with exact 
columns, 

(8.19) 

• Dd-wn C 

r{w*TC, w*TLo) ^ n°'\w*TC) 

r{w*oTX, w^TL) ^ QO'i(u;*rX) 

T{wiOc{c n Xo - c n c"), w^K) n°'\w*QOc{c nXo-cn c')) 



where A is the canonical real subbundle of OciC H Xq — C H C')\Lq, whose 
existence is due to the fact that Lq is disjoint from Xq U C. As usual, we 
use suitable Sobolev spaces to make each row elliptic. The bottom row is a 
9-operator on a line bundle over a disc: in fact, since wq intersects both Xq and 
C only at z = at with multiplicity one, this is just the standard 5-operator for 
functions with real boundary conditions. Hence, its Sobolev completion is onto 
with one-dimensional kernel, consisting of nowhere zero functions. Without 
losing exactness of the columns, we may restrict the domains of the top two 
L)(9-operators to sections with ,^(0) G T{Xq D C) (this tangent space is zero for 
the first row, and two-dimensional for the second one). Kernels and cokernels 
of the restrictions will fit into a long exact sequence 

^ ker Ddllc ^ ker Ddl^x ^ ^ ^ coker DdZlc ^ coker Dd^l^ ^ 0. 

From this and (8.17) one sees that the expected or virtual dimension of the 
moduh space TV"-"^"- at (0, ifo) is 

v.dimgjlP'^™ = mdDd'il^lx + 1 - 1 = indL>9„o,c -3 = 2 + ^l{wQ) -3 = 1. 

(in the second expression, the +1 comes from the added parameter r, and the 
— 1 from the action of by rotations). By assumption coke^: Dd'^^ ^ = M, and 
by construction of {Jc,r}-, this cokernel is spanned by (dJc,r/dr)r=o ° dwQ o i. 
Hence, the cokernel of Dd^^^ spanned by {dJx,r/dr)r=o°dwQoi. This means 
that the corresponding parametrized linearized operator is onto, so that (0, wq) 
is a regular point of ^JOV^^'"". 

Lemma 8.19. There is a family (rtjWt) of regular points ofdJW"''^^, for t G R 
with \t\ small, with rg = and wq our given holomorphic disc. This satisfies 
Wt{D) C ^i/st for some G M smoothly depending on t, and with sq = 0, 
{dst/dt)t=o + 0. 
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Proof. We know that 971^'"'" is locally a smooth one-manifold, so take a 
family (rt,wt) which parametrizes it locally. The fact that wt £ ^i/st ^r 
some St comes from Lemma 8.17, and the smoothness of 1 1— > is obvious. Now 
suppose that {dst/dt)t=o vanishes. Then {drt/dt, dwt/ dt)t=o hes in the kernel of 
the parametrized version of DB^'^^q. By construction this is onto, and for index 
reasons the only nontrivial kernel elements are those obtained from infinitesimal 
rotations of D. This contradicts the fact that we started with a local chart for 

Lemma 8.20. For all small t 7^ 0, wt is parametrized-regular as a Jr^-holomor- 
phic disc in (^^/^(i), 

The proof is by a comparison argument using a diagram of (9-operators similar 
to (8.19); we leave it to the reader. Now fix some small e > and / t ^ e. 
Then in the family (Jx,r|^i/s(t)), r G [— e; e], of almost complex structures there 
is no pseudo-holomorphic disc in (X^/g^f), L^^^)) with unit area other than wt- 
In fact, the contrary assumption for very small e and t leads to a contradiction 
with Lemma 8.18 and the local structure of the moduli space 971^"'''^. By Lemma 
8.20, this situation persists under a small perturbation of our family of almost 
complex structures; by such a perturbation, we can make it regular with respect 
to -Z^s(t) at the endpoints r = ite, and eliminate pseudo-holomorphic spheres in 
^i/s{t) foi' all values of r. We are now in the situation of Corollary 8.12, which 
shows that .^(-^^1/8(4), -'^i/s((),oo) is nontrivial at first order. Using Remark 8.5 
and symplectic parallel transport one can extend this to other fibres of our 
pencil, so the conclusion is: 

Corollary 8.21. Suppose that Assumptions 8.15 hold. Take a smooth fibre 
Xz of our pencil of Calabi-Yau surfaces. Then its relative Fukaya category 
J^{Xz, Xq^oo), seen as a one-parameter deformation of Aoo- categories, is non- 
trivial at first order. □ 

9. Computations in Fukaya categories 

To effect the link between symplectic geometry and homological algebra, we 
basically rely on two tools. The first is the correspondence between Dehn twists 
and algebraic twists, which is a reformulation of the long exact sequence in 
Floer cohomology. The version in the literature [60, 61] is for the exact or affine 
situation, but as will be outlined below, the proof can be easily adapted to 
the projective and relative cases. Our second tool is a dimensional induction 
machine based on the notion of matching cycle, developed in [61]; this is strictly 
limited to the affine context, which is the reason why affine varieties appear in 
this paper at all. We will treat dimensional induction as a black box, stating 
its properties in an axiomatic way only; ultimately it is again an application of 
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the long exact sequence, but the way in which this works is too comphcated to 
be summarized briefly. 

(9a) Let M be an affine Calabi-Yau of dimension n > 1, and L C M a La- 
grangian sphere. Equip it with a grading and the unique Spin structure, mak- 
ing it into an object of J-{M). Let tl be the Dehn twist along L, and tl 
its canonical grading (again, there is the small matter of framing, which we ig- 
nore). Consider also the algebraic twist T^b along D , which is a map of objects 
of D^J^{M). Let L\ be any exact Lagrangian brane, with underlying Lagrangian 
submanifold Li. Clearly t^^(Li) carries an induced brane structure, making it 
into an object f^"'^(L^) of the Fukaya category. What [61] says is that 

Proposition 9.1. T^\,{fl^{L\)) is isomorphic to L{ in D^J^{M). 

On the algebraic side, this is an application of Lemma 2.6, where W is some 
other exact Lagrangian brane Lg ; we need to explain how a suitable moduli space 
setup provides the necessary pair (fc, h). This is a variation of the construction 
in [60], based on pseudo-holomorphic sections of exact symplectic Lefschetz 
fibrations with Lagrangian boundary conditions. Specifically, taking 5 = H the 
upper half plane, there is such a fibration El — > S, which has a single critical 
point somewhere over int{S). The regular fibres of are isomorphic to M; 
the monodromy around the singularity is of course r^; and there is a canonical 
trivialization away from a compact subset of 5. Given any exact Lagrangian 
brane in M such as one can define a subbundle Fl^ C EL\dS which, in the 
canonical trivialization, satisfies 



By considering an equation similar to (8.5) for sections of E^ with boundary 
values on F^^ , one then obtains a "relative invariant" in the style of [48] taking 
values in H F^ {fj^^ {L\) , L\) . Take k to be the cocycle representing it, which of 
course depends on the specific choices of almost complex structures etc. used in 
the definition. 

For h one uses a parametrized version of the same construction, applied to a 
family of Lefschetz fibrations E^ with boundary conditions F*, t G M. Figure 1 
shows the asymptotic behaviour of this family: for t <C 0, {E^,F*) is the fibre 
connected sum of {El, Fl^) and a trivial fibration over the three-punctured disc, 
with boundary conditions over the different boundary components given by the 
Lagrangian submanifolds L, r^^(Li) and Li. The invariant associated to the 
degenerate limit t = — oo is therefore the composition 




s < 0, 
s > 0. 



(9.1) 



CFl,{L\fl\L\)) 



CFUL\L\) 
fiM{a,k). 



a 
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For t ^ 0, {E^, F^) again decomposes as a connected sum. Its first component is 
El as before, but now witli boundary condition El] and the second component is 
trivial, witli boundary conditions given by L, t£^(Li) and again L. In principle, 
the associated invariant is 



where I G CE^{L\fL{L')) = CE°{f~^{L'), E) is obtained from (El, El). 
However, since tl{L) = i[l — n] with n > 1, we have HE^{E ,fL{L^)) = 
HE^~"'{E,E) ^ i7i-"(S'";C) = 0, and by suitably choosing the Floer data, 
one can achieve that CE^{L° ,fL{L^)) vanishes too. Hence I and the expression 
(9.2) are both zero, and from this one deduces that the parametrized moduli 
space of sections associated to the deformation from t = — oo to t = +oo yields a 
chain homotopy h between (9.1) and zero, as desired (this vanishing argument, 
which relies on the grading, is different from the one in [60, Proposition 2.13]; 
we use it because it extends easily to the projective and relative cases). 




CEML\fEHL\)) 



CE] 



'h{fL{L'),L\) 



CEUL\L\) 




monodromy 




L 





L 



monodromy 
< 



trivial fibration 



trivial fibration 



L 






L 



t«0 



t»0 



Figure 1. 
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Since all Lagrangian submanifolds involved are exact, there are real- valued ac- 
tion functionals for all the Floer cochain groups involved, so that in the relevant 
complex (2.5) one can introduce an M-filtration by the values of the action. Its 
acyclicity is then proved by a spectral sequence argument. Briefly, one re- 
places the R-filtration by a Z-subfiltration, which divides the action values into 
intervals of some suitably chosen small size e > 0. After passing to the asso- 
ciated graded space of the filtration, one finds that the Floer differentials fi^ 
and the terms {h{a2) , ai) , p?{k,a2,ai) disappear, while the remaining terms 
/i^(a2, ai) and b) make the complex exact, hence acyclic. For this to work, 
some care needs to be observed when choosing the map and the cochain level 
representatives for k and h, see [60, Chapter 3] for details. 

(9b) We now turn to the consequences of Proposition 9.1, combining argu- 
ments from [61] with the notion of negative graded symplectic automorphisms 
introduced in Section 7. 



Lemma 9.2. Suppose that mx = 0, so M is the affine part of a projective 
Calahi-Yau X. Let Li, . . . ,Lm C M he Lagrangian spheres, and suppose that 

fL,...fL^eMt{M) 

is isotopic, within that group, to a graded symplectic automorphism (p whose 
extension to X is negative (see Remark 6.10). Then L^,...,L^ are split- 
generators for D'"J^{M). 



Proof. Let L'° be any exact Lagrangian brane. From Lemma 7.2 we know 
that if d is sufficiently large, a small exact perturbation L' of L will cause the 
Maslov index of any intersection point x G L' n <j)'^{L) to be strictly negative. 
By definition of the Floer cochain space (8.2), it follows that 

HomH.T^,i){L\~^\L'))=HFUL\^\L')) = Q. 

On the other hand, 0'^(L^) is isomorphic in D^T{M) to (T^, . . . T^b^)'^(L^). 
Lemma 2.7 says that L^ lies in the subcategory of D'^T{M) split-generated by 
the -L^; by construction of that category, this implies that these objects are 
split-generators. □ 



Remark 9.3. In Lemma 9.2, one can replace the negativity of (p by the following 
slightly weaker assumption. There is a closed subset S C X which is a finite 
union of real submanifolds of dimension < n, which admits arbitrarily small 
open neighbourhoods W satisfying (^{W) = W , and such that (p is negative on 
X \ W . The reason is that by a generic perturbation, one can make A disjoint 
from S. Then it is disjoint from a sufficiently small W, and the same will 
hold for all iterates 4>'^{A), so that the breakdown of negativity on S can be 
disregarded. 
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(9c) To adapt Proposition 9.1 to the case of a projective Calabi-Yau surface 
X, with L a Lagrangian sphere and L\ a rational brane, two points have to be 
taken into account. Firstly, more care needs to be exercised when defining the 
invariants derived from pseudo-holomorphic sections, to avoid bubbling off of 
holomorphic discs. This is not really new, since we have dealt with the same 
problem in the construction of T{X). Note that up to shifts, L gives rise to a 
unique object L" of the Fukaya category, by Lemma 8.13. For f^^(L' ), one needs 
to choose the regular almost complex structure which is the r^-pullback of that 
associated to the Li. The second modification concerns the filtration argument. 
Our ground ring is now Aq, and each pseudo-holomorphic section contributes 
as in (8.10). In the M-filtration of the Floer cochain groups, one now uses 
powers of g as a replacement for values of the action functional. Since only a 
finite number of rational branes are involved (L", Lq, L\), one can actually work 
over a subfield ^(i/d)i C Aq containing only roots of q of some fixed order d. 
An essentially equivalent and more familiar formulation is to say that all action 
functionals together have only a discrete set of periods. This allows one to carry 
over the previous argument, with its use of a Z-subfiltration: it suffices to make 
sure that e <C l/(i (actually, this is the only point in the entire paper that would 
have to be modified substantially if one wished to include non-rational branes 
in J^{X)). The outcome is 

Proposition 9.4. T^^{fY^^{L\)) is isomorphic to L\ in D^J^{X). □ 

There is also a version for the relative Fukaya category, where L is again a 
Lagrangian sphere in M and L\ an object of that category. The definition of 
the relevant version of (/c, h) is as in the projective case, except sections u now 
contribute with integer powers of q according to their intersection with X^. 
As for the acyclicity of (2.5), one filters it by powers of q^ and then taking 
the associated graded space brings one back to the affine situation, where we 
already know that acyclicity holds. 

Proposition 9.5. r^i(f^^(L^)) is isomorphic to L\ in D^J^{X,Xoo)- □ 

The argument from Lemma 9.2 carries over to the projective and relative cases 
without any modifications, and so does Remark 9.3. By combining this with 
Proposition 7.22, one arrives at the following conclusion: 

Corollary 9.6. Let X be a projective Kdhler threefold which is Fano, with 
Ox = l^x^, equipped with sections ax,o, crx,oo which generate an almost Lef- 
schetz pencil of Calabi- Yau surfaces {Xz}. Assume that XoPlXoo has no rational 
components. Pick some base point G C \ Critv^nM), base path c*, and a dis- 
tinguished basis of vanishing cycles Vc-^ , ■ ■ ■ , Vc^ C M^, . Then the , equipped 
with some gradings, are split- generators for all versions of the split-closed de- 
rived Fukaya category: D^^J^iM^^), D''r{Xz,) and L>''J^(X^, , X^,,oo)- □ 
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(9d) Let M = X \ X^o be an affine Calabi-Yau of dimension n > 1, equipped 
with a quasi-Lefschetz pencil {^2} and the associated holomorphic function 
ttm : M ^ C. Choose a base point and base path c^,. Let ci, . . . , be a 
basis of vanishing paths, and Vc^, . . . , Vc^ C M^^ the associated vanishing cycles. 
Make them into objects V^. of J-{M;^^); any choice of grading is allowed, and 
the Spin structure is unique except for n = 2, where one needs to take the 
nontrivial one. Let 

(9.3) J^^=T^iV^^,...,Vl) 

be the directed ^00-subcategory of !F{Mz^) consisting of these objects. We 
associate to each embedded vanishing path c, subject to the conditions im{c) H 
im{c^) = {2*} and M^"c'(0) / M^"<(0), an object of D^T"*), unique up to 
isomorphism and shifts, according to the following rules: 

• to Ci belongs the object Dc^ = V^^ of J^~' itself; 

• an isotopy of c within the class of such paths does not affect Dc, 

• if we have vanishing paths c,c',c" as in Figure 2, then D^' — To^{D(.ii) 
and D^n ^ T^^{D^,). 

From this and the elements of the theory of mutations [55] , one sees that all the 
Dc are exceptional objects, which means that Hom*(Dc, Dc) is one-dimensional 
in degree zero, and zero in all other degrees. 

Next, we associate objects Sd of D^{J^^) to matching paths which are disjoint 
from c-f. For this, take paths c', c" ,d as in Figure 3. Suppose that the vanishing 
cycles associated to c', c" are isotopic, so that d is a matching paths. The objects 
associated to c', c" will satisfy 



C k = l,l + n- l, 
otherwise 



(9.4) Hom}ji^^-,^{Dc',Dc") 

for some I £ Z. After a shift, we may assume that / = 0, and then the rule is: 

• Sd is the mapping cone {D^' Dc"} over some nontrivial morphism. 

An easy computation shows that Hom*{Sd, Sd) is one-dimensional in degrees 
and n, and zero otherwise. This resemblance to the cohomology of an n-sphere 
is not accidental: 



Theorem 9.7. Let di,...,dm be matching paths which are disjoint from our 
base path c*. Assign objects Sd-^, ■ ■ ■ , Sdm 'in D^{IF^) as explained above. Then 
the full Aqo- subcategory ofTwJ-^ consisting of these objects is quasi-isomorphic 
to the full subcategory of the Fukay category of the total space, J-{M), whose 
objects are the matching cycles Tid-^ , ■ ■ ■ , '^dm > with some choice of gradings. □ 
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Figure 3. 

This way of stating the result leaves several things implicit. Since one can get 
any vanishing path by starting with ci , . . . , Cr and applying the moves shown 
in Figure 3, our rules determine the objects Dc- However, it is not a priori 
clear that the assignment c i— > Dc is unambiguously defined, since one can get 
the same path by different sequences of moves. Similarly, (9.4) and the well- 
definedness of Sd are not obvious. The fact that all of this works is a nontrivial 
part of the statement. For proofs see [61]. 

(9e) The usefulness of Theorem 9.7 is particularly obvious for n = 2, when the 
vanishing cycles are curves on a surface, since then can be computed in a 
purely combinatorial way, up to quasi-isomorphism (versions of this fact have 
been discovered independently in various contexts, see e.g. [63, 50, 10]). We will 
now outline how to do this computation, referring to the papers just quoted and 
to [61] for further details and justification. 

Exactness: For simplicity, we use a compact piece N C M^^ which is a surface 
with boundary, capturing all of the topology of M^, (the inclusion is a homotopy 
equivalence). Draw simple closed curves Vk on which are isotopic to V^^. and 
in general position (any two intersect transversally, and there are no triple 
intersections). One should then verify that these curves are exact Lagrangian 
submanifolds for some choice of one-form On with d6]\f > 0. For this, consider 
the decomposition of N given by the graph F = (J,- Mj. Suppose that one can 
associate to each component Z C \ F which is disjoint from dN a positive 
weight w{Z) > 0, with the following property: if ^^m^^fc, nik € Z, is a 
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two-chain whose boundary is a Unear combination of the Vk, then 

(9.5) J^mfc7i;(Zfc) =0. 

k 

One needs to check this only for a finite number of chains, which form a basis 
for the homology relations between the i^k- If this works out, one can find a 
symplectic form lv^ with J^uin = w{Z), and that can be written as lon = dO^ 
with f 9\r = for all k. 

Remark 9.8. This "painting by numbers" step is rather tedious, so we will 
mention a way of reducing the amount of work. Relations in homology between 
the vanishing cycles correspond to elements of H2{M) (because H2{Mz^) = 0, 
and M is obtained topologically by attaching two-cells to the vanishing cy- 
cles). It is sufficient to check (9.5) for relations corresponding to elements 
in im['K2{M) H2{M)). Equivalently, these are relations obtained from maps 
S — > where Tj is a genus zero surface with boundary, each boundary compo- 
nent getting mapped to some Ui. This weaker condition does not guarantee that 
the vanishing cycles can be made exact, but it allows one to define the directed 
Fukaya category, and moving the Vi within that class does not affect the quasi- 
isomorphism type of the category. Hence, after a (possibly non-Hamiltonian) 
isotopy, one sees that the directed Fukaya category is the same as for the exact 
choice of vanishing cycles. The appearance ofTT2{M) should remind the reader of 
the assumption lo\'K2{M) = used frequently in symplectic topology, and indeed 
it addresses the same issue (getting a bound on the energy of pseudo-holomorphic 
polygons). 

Gradings: Recall that the holomorphic one-form Tyjv/^^ defines a phase function 
om^, • One can associate to this an unoriented foliation of M^, , consisting 
of those tangent lines A for which a^^^ (A) = 1. We draw some unoriented 
foliation on N which is homotopic to the one determined by a ■ To 
equip the z^^ with gradings, one has to choose a point bk G i^k which should not 
be an intersection point with any other vi, and a homotopy between J^]sr and Tf^ 
at that point (within the MP""^ of lines in TN^^). This determines the Maslov 
indices I(x) of all intersection points x £ ViCivj, i < j, and also orientations of 
the Ui. Note that (— l)-'^(^)+i is the local intersection number (i/j • i'j)x- 

Spin structures: For every x as before with (i/j • z/j)^ = +1, we choose a nonzero 
tangent vector to Uj at x. Of course, one can take these to be the vectors 
pointing along the orientation, but that is not strictly speaking necessary. Next, 
recall that we have to equip the with nontrivial Spin structures, or what is 
the same, with nontrivial double covers. Having already chosen points b^, the 
simplest way to do this is to take the double cover which is trivial on z^/t \ 6^, 
and whose two sheets get exchanged when passing over that point. 



82 



PAUL SEIDEL 



Counting polygons: We now introduce a directed Aoo-category with objects 
z^i, . . . , z/^. Because of directedness, it is sufficient to define the homs{i^i, Vj) for 
i < j, and the composition maps between those spaces. Set as usual 



but where now is identified with C in a fixed way. Given io < ■ ■ ■ < in 
{1, . . . , r} and intersection points xq G ^'j(,nz/j^, xi £ Ui^CiVi-^, . . . , Xd £ z/j^_^nfj^, 
one considers oriented immersions u : A ^ N, where A is some model {d + 1)- 
gon in the plane with numbered sides and corners. Under u, the sides should go 
to the Uif,, and the corners to the x^; moreover, the immersion should be a local 
diffeomorphism up to the corners, so that the image has locally an angle < vr. 
One considers two such u to be equivalent if they differ by a diffeomorphism of 
A. Each equivalence class contributes to fi^^ by 



and the sign is the product of the following factors: (i) for each k > 1 such that 
{i^if._-^ ■^ifc)xfc = 1) we get a —1 iff the tangent vector points away from u(A). 
(ii) We get another —1 if (fj^ n i'i^)xo = 1 ^-^id the tangent vector S^^o points 
towards m(A). (iii) Every time that u\dA passes over a point b^, this adds a 
further —1. 

Lemma 9.9. C~* is quasi-isomorphic to the directed subcategory from (9.3), 
at least up to a shift in the gradings of the V^. . □ 

Starting from this. Theorem 9.7 allows one to determine the full ^oo-subcategory 
of J-{M) consisting of any finite number of matching cycles, and in particular 
the Floer cohomology of any two such cycles. Note that matching cycles are 
Lagrangian two-spheres in a four-manifold, so their Floer cohomology is not 
amenable to computation in any direct way. 

(9f) We will need a minor addition to the previously explained computational 
method, which takes into account the presence of a homomorphism p : vri (M) 
r into a finitely generated abelian group F. Restriction yields a homomorphism 
from the fundamental group of the fibre M^, , and all vanishing cycles T4- bound 
balls in M, hence the composition 7ri(V'ci) — > T^ii^zt) — > F is zero. As discussed 
in Section 8b, after choosing lifts Vc^;^ to the associated F-cover M^.^r, one has 
a F*-action on (9.3). We can use the same rules as before to associate to each 
vanishing path c an object Dc of the equivariant derived category Dp, (^), see 
Remark 4.1. For c', c", d are as in Figure 3, the objects Dc', the objects Dc" will 
now satisfy 



where W is some one-dimensional F*-representation. After shifting Dc' and 
tensoring it with W* , one may assume that / = and W is trivial. Then the 




±1 : C^^ • • • ® C 



C 
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cone Sd = {Dc' Dc"} over a nontrivial degree zero morphism is again an 
object of the equivariant derived category. The equi variant version of Theorem 
9.7 says that the full Aoo-subcategory of Twy*T^ with objects 5^^, . . . , Sd^ is 
r*-equivariantly quasi-isomorphic to the full subcategory of J-{M) with objects 
Tjd^ , ■ ■ ■ , '^dm 5 where we assume that gradings and lifts to Mr have been chosen 
in some appropriate way for these matching cycles. For the proof, which is not 
particularly difficult, there are two essentially equivalent viewpoints: one either 
goes through the relevant material in [61], making sure that everything can be 
made compatible with the r*-actions; or one works directly with the covering 
Mr and its holomorphic function Mp — > A/ — > C. 



Using split-generators, the categories which occur in homological mirror symme- 
try can be described in terms of ^oo-structures on finite-dimensional algebras. 
This section introduces the algebra relevant for our computation, as well as 
a simpler version which serves as a stepping-stone. The main point is to use 
the general theory from Section 3 to partially classify ^oo-structures on those 
algebras. We end by applying the results to coherent sheaves on the mirror of 
the quartic surface: this finishes work on the algebro-geometric side of mirror 
symmetry, and it also helps to clarify the amount of things still to be proved on 
the symplectic side. 

(10a) We begin by recalling a general "doubling" construction. Let be 
a directed (C-linear graded) category, with objects {Xi, . . . , Xm)- The trivial 
extension category of degree d > is a category C with the same objects, and 
it satisfies: 

• The directed subcategory of C is the given C~'. 

• C is a Frobenius category of degree d, in the sense that there are linear 
maps f-^ : Hom'^{Xj, Xj) C, such that 



for a £ HomQ{Xk, Xj), b G HomQ{Xj, Xk) is a nondegenerate pairing. 
These pairings are graded symmetric, {a,b) = {—lY^^^'^^'^^^^^\b,a). 
• One can split Horn^[Xj,Xk) = HomQ^{Xj, X^) ® Jjk in such a way 
that the product of two morphisms belonging to the J spaces is zero 
(in view of the previous requirements, we have Jjk = for j < k, 
Jjk = Hom*fj{Xj,Xk) for j > fc; and since it is an isotropic subspace, 
Jjj must be one-dimensional and concentrated in degree d). 



10. The algebras Q4 and Qq^ 
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These properties characterize C up to isomorphism. Alternatively, one can 
define it explicitly by 

(10.2) Homc{X,,Xk) = Homc^{Xj,Xk) © Homc^{Xk, Xj^l-d] 
and (a,aV)(6,6V) = (a6,a^(6-) + {-l)d^9{a){degib)+degib^))f^v 

The example relevant to us as is follows: Let y be a four-dimensional complex 
vector space. Consider the (linear graded) directed category having four 
objects Xi, . . . , X4 and morphisms 

'a''-^V j < k, 
otherwise, 



Homc^{Xj,Xk) 



with the obvious grading and (wedge product) composition. We define C4 to 
be the trivial extension category of in degree d = 2. Its total morphism 
algebra, linear over R4 = C^, will be denoted by Q^. Once one has fixed a 
choice of volume element in A^y^, the duals in the general formula (10.2) can 
be removed, so that then 

'A'^-^V j < k, 

< A0T/©(AV)[2], j = k, 



(10.3) HomcAXj,Xk 



(10.4) Uk{AV X T4)uj 



From a different viewpoint, take the exterior algebra AV, and consider the 
action of the center of SL(V), = {I,iI,—I,—iI}, on it. For explicitness, 
pick the generator 7 = il. From our general discussion of semidirect products, 
we know that AV x r4 is an algebra over = R4, with a basis of idempotents 
given by Uj = jXj = |(c + i~-'7 + i~^-'7^ + for j = 1, . . . , 4. Concretely, 

'A^-^V(^Cuj j<k, 
{A'^V ® A'^V) ^ Cuj j = k, 
A^-j+'^V®Cuj j > k. 

So AV^ XI r4 is the total morphism algebra of a category with four objects. If we 
view it in this way, the directed subcategory is isomorphic to . Moreover, 
after choosing a volume element on V, the resulting integration maps make 
Ay X r4 into a Frobenius category of degree 4. One can split the morphism 
spaces into those of the directed subcategory and a complementary summand 
J, consisting of those A^V fSi Cuk with j + k > 4. This satisfies the properties 
stated above, so we conclude that Ay x r4 is the trivial extension category of 
in degree 4. Hence there is an isomorphism Ay x r4 = Q4 of algebras, 
which is i?4-linear but only Z/2-graded. 

Later on, we will also need some understanding of the automorphisms of Q4, 
as a graded algebra over i?4. To get the trivial thing out of the way, the group 
/ = (C*)^ acts by (elementary) inner automorphisms pj, with p/(ri, . . . , r4) 
being multiplication with r^/rj on UkQ^Uj. Next, the canonical action of G = 
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GL{V) on (leaving the objects fixed, and being the obvious representation 
on A^~^V) extends to an action pc on C4, determined by asking that 

(10.5) f PG{A){a) = detiA) f a. 

JXj J Xj 

With respect to the isomorphism introduced above, this is the same as the G- 
action on AV x r4 induced by the natural action on V. It is a general feature of 
semidirect products that r4 C G acts by inner automorphisms, more precisely 

PG{iI) = pi{l,i,i^,i^). 

This is the only overlap between pj and pc, which together make up the whole 
automorphism group. To see this, note that any automorphism of Q4 determines 
linear automorphisms of the spaces uj-^iQ^uj = V for all j (in this case, the 
index is cyclic, so we are thinking of U1Q4U4 as well). Moreover, the product 
of two elements for successive j is zero iff they are linearly dependent in V, 
and this shows that the actions for various j are by linear maps that differ 
only by multiplicative constants. By composing the given automorphism with 
an inner one, these constants can be made equal to 1, and then the remaining 
automorphism is easily seen to lie in the image of pc- To summarize, we have 

Inn[Qi/Ri) ^ {C*)^/C*, 

OutiQi/Ri) ^ GL{V)/ri, 

Aut{Qi/Ri) ^ (e)VC* X2/4 GL{V). 

At this point, fix a maximal torus H C SL(y), and let T = H/T4 be its image 
in PSL{V). Choose a splitting T, : T ^ H of the projection, and denote by 
Pt the T-action obtained by S from pc (this should not be confused with pj). 
Let re4 be the subgroup of those A ^ H such that A^ = I, and Tig = r64/r4 
its image in T. We use the restriction of pT to that finite group to form the 
semidirect product 

def 

Q64 = Q4 X Tie- 

This is an algebra linear over Cr4 CTig = Cr64, so one can also view it as a 
category Gq^ with 64 objects. The actions pt\^ I6 obtained from any two choices 
of s differ by homomorphisms Fig Inn{Qi/ R^i), which can always be lifted to 
/. This implies that Q64 is independent of S up to (Cr64-linear) isomorphism, 
see (4.1). Moreover, by combining our previous discussion with (4.2) one finds 
that there is a Z/2-graded isomorphism 

g64 = {^V X r4) X Tie ^ AF X r64. 

(10b) We want to use the interpretation of Q4 as a twisted exterior algebra to 
compute its Hochschild cohomology, and that requires paying careful attention 
to the different gradings. It is convenient to temporarily introduce a bigrading 
indexed by iZxZ/2 on A = KVyiTi, with elements oiA^V®CTi given bidegree 
(A;/2, [k]). One defines the Hochschild cohomology of such bigraded algebras 
by using the Z/2-grading for parities and hence the signs in the Hochschild 
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differential, and the g^-gi'ading to determine the degree of Hochschild cochains, 
hence the t-part of HH^'^*{A, A)^ . It is straightforward to adapt the proof of 
Proposition 4.2 to the new gradings, so we have 

(10.6) HH'+\A,AY ^ (^5"(y^'^) A"+2f-codim(y^)(-j^7)^^\ 

7er4 

Having done that, we modify the bigrading by adding {{k — j)/2, 0) to the bide- 
gree of each piece (1 Uk)A{l (g) Uj), and denote the outcome by B. If we 
view our algebras as categories, this corresponds to a fractional shift or transla- 
tion of the j-th object downwards by j/2. As a consequence, restriction to the 
quasi-isomorphic subcomplex of i?4-linear cochains shows that the Hochschild 
cohomologies of A and B are the same. On the other hand, a direct check using 
(10.4) shows that B is nontrivial only in bidegrees {k, [k]) with A; G Z, so that 
we can consider it as an ordinary graded algebra. As such, it becomes isomor- 
phic to Q4, see (10.3); which shows that (10.6) also computes the Hochschild 
cohomology of that algebra. In particular, the 7 7^ e summands only contribute 
to {s,t) = (0,2). 

Let Q4 be an i?4-linear and pj'-equivariant Aoo-algebra whose underlying vector 
space is Q4, which satisfies (3.1), and which is nontrivial in the sense of not being 
gauge equivalent to the trivial Aoo-structure. As an aside, note that because 
the elementary inner automorphisms of (^4 are also automorphisms of Q4, pT- 
equivariance is actually the same as pdiJ-equivariance, hence independent of 
S. We have no need of proving the existence of such an ^oo-algebra abstractly, 
since it will be constructed geometrically later on from coherent sheaves or as 
a Fukaya category. The uniqueness statement is: 



Lemma 10.1. Q4 is unique up to (Ri^-linear, T-equivariant) A^-isomorphism. 



Proof. We will use the equivariant version of the deformation theory from 
Section 3, which was discussed extensively in Section 4 in the case of finite 
groups. We need it for T, but that is not a problem since the T-action on all 
relevant Hochschild cochain spaces splits them into direct products of subspaces 
with given weights, which is all we needed. Recall that the HKR isomorphism 
is G-equivariant. Prom this and (10.6), one gets 

V J y for all other d > 2. 

More explicitly, choose an identification V = making the maximal torus H 
standard. Denote the standard basis oi V hj vq, . . . ,vs, and the dual basis by 
yo, • • • ,2/3- Then the only nontrivial summand consists of multiples of the H- 
invariant polynomial yoyiy2y3- Since UkQ^Uj is nonzero only in degrees = k — j 
mod 2, any odd degree i?4-bimodule map (54®-R4 ' " ■®i?4Q4 — > Qa is necessarily 
zero. That applies to all the odd order fiQ^ and in particular to d = 3, which 
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shows that Q4 has a well-defined order 4 deformation class 

This is nonzero because otherwise, since all the higher obstruction groups van- 
ish, Q4 would be gauge equivalent to the trivial ^00-structure, which is contrary 
to assumption. Using the equivariant version of Lemma 3.2, we find that ver- 
sality applies: any other ^doo-structure with the same properties as Q4 is gauge 
equivalent to e*Qi for some e e C*, and in particular isomorphic to Q4. □ 

Remark 10.2. One can formulate the previous Lemma as a more general recog- 
nition principle. Suppose that we have an Aoo-algebra A linear over R4 and 
carrying a T-action, whose cohomology algebra is equivariantly isomorphic to 
Qi^. Choose \, TT and h as in Remark 3.1 (and R^-linearly), so that we can run 
the explicit form of the Homological Perturbation Lemma to produce an ^00- 
structure B on H{A). This will satisfy /ig = for the same reasons as in the 
proof above. Take classes 04 G uiH{A)ui, 03 G UiH{A)u-i, 02 G u-iH{A)u2, 
oi G U2H{A)ui, such that the product of any two successive ones is zero. Plug 
the Ok into the expression (3.4) for /i^; if the outcome is nonzero, then A is 
quasi-isomorphic to Q4. To see this, note that by the explicit formula (4.10) for 
the HKR isomorphism, or rather a slight variation of it for semidirect products, 
/ig(a4, 03, a2, ai) = p{v,v,v,v) 0^1, where p G S'^F^ is the polynomial corre- 
sponding to the obstruction class G HH^{Q4,Q4)~^ , and v reflects the 
choice of the a^. As soon as one knows that is nonzero, Lemma 10.1 does 
the rest. 

(10c) Since Q4 is /o^-invariant, we can form the semidirect product Aoo-algebra 
Qei = Q4 X Tie, whose underlying algebra we denote by Qe4. 

Lemma 10.3. The truncated Hochschild cohomology of Q64 satisfies 

(10.7) HH\Qe4, Q64)-° = C3, HH\Qe4, Qsa)^^ = 

Proof. We use the spectral sequence (3.9). The same trick of passing through 
an appropriate bigrading which we used to compute the Hochschild cohomology 
of Qi also works for Qq^, yielding 

(10.8) HH'+\QG4,Qe4y^ 

7Gr64 

In particular, our spectral sequence satisfies £"2'* = for s < or s + 2t < 0, 
which ensures its convergence. Case-by-case study of the conjugacy classes 
in r64 shows that the summands with nontrivial 7 contribute only to -Eg * with 
s-'i-t > 3. Since the differentials in the spectral sequence preserve each summand, 
we can concentrate on 7 = e. Here is the relevant part of the E2 term {S^A'^ is 
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shorthand for (S-'V^ A'^V)^'^^, and the crossed out summands vanish because 
the r4-fixed point sets are already trivial): 





s = 


s = 1 


s = 2 


s = 3 


s = 4 


s = 5 


s = 6 




t = 1 























t = 
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= -1 
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= -2 














S^A^ 


S^A^ 
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= -3 




















m 



The first nonzero differential is 63, which is the Schouten bracket with the order 
four deformation class. We identify y = as before, so that the deformation 
class is 2/o?/i?/2?/3 (up to a multiple, which we may safely ignore since it can 
be absorbed into a rescaling of V). In total degree s + t = 1, we have the 
r64-invariant part of V"^ V which is spanned by elements yk tX" Wfc, and these 
satisfy 

(10.9) Sl^'^ivk ® Vk) = yoyiy^ys 

for all k. Note that ^ Ylk Vk ^ '^fc is what we called the Euler element in Section 
3, and so the fact that its image under ^3 is twice the deformation class is an 
instance of the general property (3.8). For s + t = 2 we have firstly the r64- 
invariant part of S'^V'^ A'^V , generated by the six elements yjyk^vj Avk which 
satisfy 

2 

^3 iyjVk ® Vj A vk) = {yoymyziVk ®vk- {yoyiy2y3)yj ® vj; 

and secondly the invariant part of S'^V* , whose basis consists of the y^ together 
with 2/02/12/22/3) the latter being annihilated by being in the image of (10.9). The 
structure of the E2 term shows that the differentials of order d > 3 all vanish, 
so our computation is complete. To summarize, explicit generators of E2 which 
represent the Hochschild cohomology groups in (10.7) are (with some slight 
redundancy): for HH^, 2/0 ^^o — 2/i ® f 1 and its three cyclic permutations (the 
sum of all four being zero). And for HH^, 2/02/1 ^ A u 1 + 2/1 22/2 f 1 A ■U2 + 
2/22/0 ^ ^"2 A f and its cyclic permutations (the sum being again zero), together 
with the monomials yf., k = 0, . . . ,3. □ 

Consider G Aut{Q4/ R4) of the form C/4 = pi{r)pG{A), where Avk = XkVk+i, 
Av-s = X4VQ with A0A1A2A3 = 1. Slightly more intrinsically, this class of auto- 
morphisms can be characterized by the following properties: 

• C/4 acts on the second summand in UjQiUj ^ C © (AV)[2] by -1; 

• Let '■ H ^ H he the shift diag{to, . . . ,1^) diag{ti,t2,t3,to), and 

the induced automorphism of T. Then there is a homomorphism 
L : Tie — > /, such that 

(10.10) Pt{^t{i)) o C/4 = Piiii-f)) o C/4 o pT{-f). 
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i is necessary here because the sphtting S breaks some natural sym- 
metries: essentially, it measures the difference between S,h{'^{'^)) and 
S(Ct(7)). 

This is the situation from (4.4), so one can use t to lift C/4 to an automorphism 
^764 = C4 X (ClFie) as in (4.5). Suppose that i^64 is an yloo-isomorphism from 
Q64 to itself whose underlying algebra automorphism is C/64, and let Ai^i be its 
graph, which is an ^00-bimodule over Q64- Consider a one-parameter deforma- 
tion Q64,g of which is nontrivial at first order in gr, and has the property that 
Z^64 can be simultaneously deformed to an ^oo-homomorphism ZY64,q from Q%A,q 
to itself. The existence of these structures is again not an issue, but uniqueness 
is: 

Lemma 10.4. Up to the pullback action of End{Af^)^ combined with equivalence 
of one-parameter deformations, Q64,(j unique. 

Proof. We use coupled deformation theory for the pair (Q64)-^64)- The same 
parity issues as in Lemma 10.1 show that /i^ remains zero during the deformation 
to Q64,(?) and that also holds for the differential /i"''^ of the 74oo-bimodule. Here 
is the relevant piece of the long exact sequence (3.18), with the information 
from Lemma 3.6 (or rather its analogue for truncated Hochschild cohomology) 
already built in: 

(10.11) HH\Qe4, Q64)-° HHHQq^, Qe^)^' 

HH^Qe^kMei, Q64&-M64)-" 

At the end of the proof of the previous Lemma, we wrote down four generators 
which give an if-equivariant isomorphism HH^iQe^, 264)-" = C^/C(l, 1, 1, 1); 
since the coordinates are permuted cyclically by C/e4, the first arrow in (10.11) 
is an isomorphism. HH^ requires slightly more care, since two different pieces 
of the Eoo term contribute to it. What the spectral sequence shows is that there 
is a short exact sequence with an endomorphism, 

HH^{Qe4, Qm)-" CVC(1, 1, 1, 1) 

K4 

HH\Qq4, 264)^" — - CVC(1, 1, 1, 1) 

where both the left and right | are cyclic permutations of the coordinates. This 
implies that the last arrow in (10.11) has one-dimensional kernel, hence the 
coupled truncated Hochschild cohomology group is one-dimensional. On the 
other hand, since Qqa.q is nontrivial at first order, the primary deformation 
class of any pair (Q64,g, -^64,g) in that group must be nonzero; at which point 
Lemma 3.8 takes over. □ 



90 



PAUL SEIDEL 



It is maybe not entirely clear from the statement, but the proof of the Lemma 
above shows that we were talking about uniqueness of 264,? with respect to a 
fixed choice of C/4, u and U^^. The next results removes the apparent dependence 
of those data: 

Lemma 10.5. Up to isomorphism of A^o- algebras linear over h.^, combined with 
the action of End(A^)^ , Qq^^q is independent of all choices made in its con- 
struction. 

Proof. It is convenient to take on the choices in reverse order. (1) Concerning 
the ^00-bimodule structure A^64 on the fixed bimodule Mq^ = Graph{U%i), we 
know from (10.8) and classical homological algebra that 

^xt'=(M64,M64[l - k]) ^ HH\Qu,QeA)^-'' = 

for all A; > 2, and then Lemma 3.7 implies that A^64 is unique up to isomor- 
phism. (2) Any two choices of l differ by a x ^ r*g, and that defines an 
automorphism of Qq4. Since all the Hochschild cohomology in (10.7) lies in the 
rjg-invariant subspace, one can use the standard quasi-isomorphism theorem of 
abstract deformation theory [22, Theorem 2.4] to transform a given Q64,(? into 
an equivalent deformation which is r*g-equivariant. Having done that, it is easy 
to see that if Uq4 deforms compatibly to an Z^64,(j for one choice of l, then it does 
for all the others. (3) Changing C/4 by an inner automorphism does not affect its 
graph (up to bimodule isomorphism), so we may assume that C/4 = pg{A). The 
remaining freedom is the choice of the Afc, but one can relate different choices 
by an automorphism of Q/^ which rescales the different coordinates of y in a 
suitable way. □ 

(lOd) Take the Beilinson basis of the derived category of coherent sheaves on 
P = F{V), which consists of Fk = n'^-''{4-k)[4-k] for A; = 1, . . . , 4. The Q'' are 
naturally i-'GL(y)-equivariant sheaves, and if we give 0{—l) the GL{V)-a,ction 
obtained by embedding it into 0(g>V, the Q^-''{4 - k) = 9.^"'' ® C)(-l)«5fc-4 
become GL(l/)-equivariant. A straightforward computation, which is the basis 
of the argument in [7], shows that 

Lemma 10.6. The linear graded category with objects Fi, . . . , F4, and where the 
morphisms are homomorphisms of all degrees in the derived category, is GL{V)- 
equivariantly isomorphic to . □ 

Let to : Yq ^ P he the unique if-invariant quartic hypersurface, in appropriate 
coordinates Yq = {2/02/12/22/3 = 0}. Write E'o.fe = '-o-^fe- Repeating an argument 
from [62], we observe that 

L 

Hom^^{Eoj,Eo,k) = Hom*p{Fj, (io)*^S^fc) = Hom*p{Fj,OYa Ffc) 
= Hom*p{Fj, {JCp ®Fk^Op® Fk}) 
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sits in a long exact sequence which one can write, using Serre duahty on P, as 

> Homi{Fj,Fk) ^ Homir^^{Eo,j,Eo,k) Hom^f''{Fk^FjY ^ • • • 

Since the F^ form an exceptional collection, we have unique splittings 

(10.12) Hom%{Eo,j,Eo,k) = Hom*p{Fj, F^) ® Hom*p{Fk, FjY [-2]. 

Yq has trivial dualizing sheaf, so Serre duality makes D^CohiYo) into a Frobenius 
category of degree d = 2. If we denote by Jjk the second summand in (10.12), 
then the composition of two morphisms in J spaces is zero for dimension reasons 
(these morphisms are Ext'^^s of locally free sheaves on Iq)- We have now checked 
off the properties of a trivial extension category. Moreover, the induced GL{V)- 
action on HomY^{Eoj, EQ^k) satisfies (10.5), so 

Lemma 10.7. The linear graded category with objects -Eo.fci md where the mor- 
phisms are maps of arbitrary degree in D^Coh{YQ), is GL{V)-equivariantly iso- 
morphic to C^. □ 

Denote by 54 the total morphism algebra of that subcategory, so 54 = Q4. This 
is the cohomology algebra of a dg algebra ^4, canonical up to quasi- isomorphism, 
which can be defined as total dg algebra of the same objects in the Cech dg 
category SiYo). The next step comes from [13]: 

Lemma 10.8. ^4 is not formal, meaning not quasi-isomorphic to its cohomology. 

Proof. The skyscraper sheaf at any point x = Cv G P admits a locally free 
Koszul resolution 

(17^(3) — > n^{2) — > — >o}^ 

where each diff^erential corresponds to v G V under the isomorphism from 
Lemma 10.6. After restricting, it follows that there is a spectral sequence con- 
verging to Homy (Q'^{3)[3], LlqOx) whose Ei term is 
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The differential 61 : i?^'* S^"*"^'* is wedge product with v in the bottom row, 
which leaves just two nonzero terms ^2 - C, E^' = C. U x ^ Yq then 
LlqOx = 0, so these two terms must kill each other through the only remaining 
differential ^3'^. On the other hand, if x G then LlqOx = Ox © Oa;[l] has 
nonzero sections, so the spectral sequence degenerates at £'2- 

The connection with the question we are interested in comes about as follows. 
If 54 was formal, the triangulated subcategory of D^Coh{Y()) generated by the 
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i?o,fc could be modelled by twisted complexes defined on the category C4 with 
its trivial Aoo-structure. We know that LlqOx is a twisted complex of the form 
(£^o,i®-^o,2ffi-E'o,3ffi-E'o,4) ^)-, and the behaviour of first differential in the spectral 
sequence means that 5 must be (up to irrelevant scalar multiples) 

\ 

But for degree reasons the terms * are necessarily equal to zero. Having iden- 
tified the object, we can check that in D^{C4) the analogue of the spectral se- 
quence above degenerates at E2 for any nonzero u, which is a contradiction. □ 

By choosing the Cech covering to be i?-invariant, one can arrange that 54 has a 
natural i?-action. Take the same splitting T, : T ^ H as before, and consider the 
induced T-action. The T-equivariant version of the Homological Perturbation 
Theorem (which applies because the action on homg^ is well-behaved), together 
with Lemma 10.1, show that ^4 is ^oo-Quasi- isomorphic to Q4, and moreover 
that quasi-isomorphism is i?4-linear and T-equivariant. As a consequence, the 
semidirect product 564 = ^4 x Fig defined using the restriction of the T-action 
to Fie is quasi-isomorphic to Qq^. On the geometric side, consider each Eo^k as 
a Fi6-equivariant sheaf in all 16 possible ways (mutually twisted by characters). 
This gives a total of 64 objects in the derived category D^Cohrj^g{Yo), and 
Remark 5.2 tells us that 564 is the dg algebra underlying their total morphism 
algebra. The flat formal deformation Yg = {pq{v) = 0} of Iq given by (1.1) 
still admits a A^-linear Fi6-action. Since the T'o.fc are restricted from projective 
space, they have obvious equivariant extensions Eg^k to locally free coherent 
sheaves over Yg. By the discussion in Section 5b, or rather its equivariant 
analogue, this gives rise to a Fi6-equivariant one-parameter deformation ^64,5 
of ^64, which satisfies 

(10.13) H*{Sei,g) ^ H*{S6i) 0c An- 

One can check (10.13) either by repeating the duality argument above for Yg, 
or more simply by observing that the morphisms between any two T'o.fe in 
D^CohiYo) are concentrated in a single degree, which precludes the possibil- 
ity of any deformation of the differential affecting the cohomology. 

Lemma 10.9. 564,g is nontrivial at first order in q. 

Proof. This is quite similar to the previous Lemma. Let Xg be a Apj-point of 
P Xc Afq, which is now given by a family Vg of nonzero vectors in V varying 
with the formal parameter q. We have the same spectral sequence as before for 
the derived restriction of its structure sheaf to tg : Yg ^ P Xq Apj, and 
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therefore HomY^{Q'^ {3)[3], LL*Oxq) is the cohomology of 

An > Ap^. 

LL*Oxg is not an equivariant sheaf, but one can remedy this by summing over the 
Tie-orbit of Xg. By taking Xg in such a way that Pg{vg) has precisely order 0{q), 
one obtains examples of twisted complexes over ^64,^ (considered here as an Af^- 
category with 64 objects) such that the map (3.22) is not an isomorphism. Now 
apply Lemma 3.12 to TwSQ^^g. □ 

The automorphism A £ GL{V), Avk = Vk+i, Av-s = Avq preserves Yq and the 
objects Eo^k, hence defines an automorphism of ^4, unique up to elementary 
inner automorphisms. Since det{A) = — 1, this automorphism acts by —1 on 
the space of sections of the canonical sheaf of Yq, hence by Serre duality on 
-ffom^(£'o,fc! -E'Ojfc) for any k. Moreover, it skew-commutes with the T-action 
on Yq in the obvious sense, so it can be identified on the level of cohomology 
with one of the automorphisms U4 of Q4 introduced before. Because of the 
twisted equivariance, one can define an induced automorphism of ^64, and since 
A survives the deformation to Yg, this can be deformed to an automorphism 
of 564,g. Together with the previous Lemma, this allows us to apply Lemma 
10.4 which shows that 564,^ is quasi-isomorphic to Qe^^g, at least in the sense 
in which the latter object is unique, which means up to reparametrization by 
tp € End{Afq)^. 

Let Y* = Yg x/i^j,^ Aq be the general fibre of our formal scheme, and E* the 
restrictions of the Eg^k to it. Let Z* be the minimal resolution of the quotient 
Y* /TiQ. We need two more basic facts: 

Lemma 10.10. The 64 equivariant versions of the E*^ are split-generators for 
D'Cohr,,iY*). 

Proof. Beilinson's resolution of the diagonal [7] shows that the F*^ are gen- 
erators for the derived category of P xc Aq. His argument carries over to the 
equivariant case, which means that the 64 objects obtained by making the F* , 
equivariant in all possible ways generate the derived category of Pig-equivariant 
sheaves. The equivariant analogue of Lemma 5.4 shows that the restrictions of 
these objects to Y* split-generate its derived category of equivariant sheaves. □ 

Lemma 10.11. D^Coh{Z*) = D^CohYj^iY*), as triangulated categories linear 
over Aq. 

This is a theorem of Kapranov and Vasserot [33], valid for any finite group 
action on a smooth K3 surface which preserves the holomorphic two- form. We 
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now have the situation where we know that 

D'Cohr,,{Y;)^D^S{Y;)) 

is spht-generated by certain objects, and where we know that the dg subcate- 
gory of Sri^iY*) consisting of those objects, denoted by Sq^^^ above, is quasi- 
isomorphic to Q64,g- Lemma 2.5 then says that 

Corollary 10.12. There is some ijj G End{KnY, such that D^Coh{Z*) ^ 

I?"(^*Q64,g®AN Aq). □ 

11. Counting polygons 

We begin by showing that for a quartic surface in CP'^ whose part at infinity 
is the intersection with the "simplex" X0X1X2X3 = 0, the deformation from 
affine to relative Fukaya category is nontrivial. This is based on Corollary 8.12, 
but the construction of the relevant Lagrangian torus involves geometric ideas 
related to the SYZ conjecture [53], in particular the appearance of amoebas in 
that context [52, 43]. Having done that, the next step is to apply Corollary 
9.6 to prove that the 64 vanishing cycles of the Fermat pencil of quartics are 
split-generators for the derived Fukaya category. This reduces us to studying 
the full 74oo-subcategory formed by these cycles, and finally, the dimensional 
induction machinery from Section 9e allows us to compute that subcategory 
combinatorially. 

(11a) Let X = CF^ with ox = = 0(4), and crx,oo = XQXiX2X'i. Choose 
some section ax,Q which with ax,oo generates a quasi-Lefschetz pencil, and such 
that Xq is regular. 

Lemma 11.1. !F{Xq,Xq^oo), cls a one-parameter deformation of Aq^- categories, 
is nontrivial at first order in q. 

The validity of the statement is independent of the particular choice of crx,o- 
Any two different choices c^O' '^xo joined by a smooth family fT^g, of 

sections of ox, such that for all t, 

^^ = (^ko)~Ho) 

is a smooth quartic and intersects each stratum of X^o transversally. For the 
same reasons as in the proof of Proposition 7.22, there is a family of symplectic 
isomorphisms : Xq Xq which maps Xq H X^q to Xq Ci X^o ■ Since quartic 
surfaces are simply-connected, one sees from Remark 8.5 that 0^ defines an 
equivalence of relative Fukaya categories. 

It remains to prove Lemma 11.1 in a single case. Let C = {xs = 0} = CP^ 
be one of the irreducible components of X^o- The intersection with the other 
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components is A = C H C" = {xoXiX2 = 0} C CP^. By construction, CP^ 
carries the Fubini-Study symplectic form ujc, rescaled in such a way that a hne 
has area 4. We also have the meromorphic complex volume form rjc with poles 
along A. Take (this will not quite be our final word) a section of the form 

(11.1) ax,o = Xq + xf + + 2xqXix\ + (monomials containing x^). 

Xq n C is the smooth quartic curve Q = {x^ + x\ + \x2 + 2xqXix\ = 0} C CP^, 
which intersects all the strata of A transversally. Hence, by suitably choosing 
the terms not spelled out in (11.1), one can achieve that axfi generates a quasi- 
Lefschetz pencil. Consider the family of Lagrangian torus orbits 

Tx = {Aslxol' = Ao|x2p, Aakip = Aij^sl^} c CP^ \ A, 

for A = (Ao, Ai, A2) with Afc > and Ylk = 1- We take 

Lq = Ti 1 1, 

4 ' 4 ' 2 

which by an elementary estimate is disjoint from Q. The next question is how 
far this satisfies Assumptions 8.15. Each Tx is graded with respect to t]c, and 
0{4)\Tx is the trivial flat line bundle iff A^ G for all k, which is the case for 
Lq. Look at the holomorphic discs w : {D,dD) {C,Lq) given by 

(11.2) w{z) = ' ^ ' for some C G C with = -1. 

([^ : C : V2] 

They satisfy / w*ojc = w • Q = 1, and their boundary circles generate Hi{Lq). 
By Lemma 6.1, this implies that Lq is exact with respect to ^c". 



Lemma 11.2. Every holomorphic disc w : {D,dD) — > (CP^,Tx) is regular. 
Proof. Take the Euler sequence on CP^, 

(11.3) — >o — > 0(1) ® H^{o{i))'^ — > rcp2 — > 0. 

Choose a basis for H^{0{1)Y dual to the three coordinate functions xo,xi,X2. 
Then the first map is just given by these functions, and the second map takes 
i{xk ® a^fc ) to the vector field which infinitesimally rotates the k-th coordinate. 
It follows that over Tx, we have a sequence of real subbundles of (11.3), 

— >im — > iRxo e iRxi iRx2 — > T{Tx) — > 0. 

After pulling this back to the disc via w and introducing the associated Cauchy- 
Riemann operators, one finds that there is a surjection 

coker(Z)o ® Di (B D2) coker D^ Qp2, 

where is the 9-operator on w*0{l) with totally real boundary conditions 
w*{iMxk). The Maslov number of {w*0{l),'w* (iMxk)) is twice the intersection 
number of w with the line {x^ = 0}, hence nonnegative, which means that 
has trivial cokernel. □ 
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Lemma 11.3. Up to the PSL{2,R)- action on D, any holomorphic disc w : 
{D,dD) (CP^,T\) with Maslov number 2 is either of the form 

w{z) = [Ao : CAi : \2z] or w{z) = [Aq : C^i : X2Z~^] 

for some |C| G , or else the same with the roles of the coordinates exchanged. 

Proof. The virtual dimension of the moduH space of unparametrized discs 
is equal to one. By Lemma 11.2, this moduh space is indeed a smooth one- 
dimensional manifold. Since on the other hand, C PU{3) acts on it, we 
find that there must be a sub-circle of which leaves w invariant as an un- 
parametrized disc. In other words, after applying an initial PS'L(2, M)-action 
one can assume that there are weights dQ,di,d2 G Z^, not all of them equal, 
such that 

w{e''z) = dmg{e'"^°,e'"^\e'"^^)w{z). 
By holomorphicity w{z) = diag(2:'^o, z*^^, 2:'^^) ?i;(l). However, at z = our disc 
may intersect A only with multiplicity one, and that implies d = (0,0, ±1) or 
else the same with the coordinates permuted. □ 

Lemma 11.4. Up to the action of on D by rotations, there are precisely 
eight holomorphic discs w : {D,dD) (CP^,Lo) with w ■ A = w ■ Q = 1 and 
w{0) £ A n Q. Moreover, for each of them [w\dD] £ Hi{Lq) is nontrivial, 
and the restricted linearized operator Dd^£p2 as in (8.18) has one- dimensional 
cokernel. 

Proof. Because Lq is graded with respect to rjc, w ■ A = 1 implies that the 
Maslov number is 2, so we can apply Lemma 11.3. Out of the possible six choices 
of weights, only d = (1, 0, 0) or (0, 1, 0) lead to discs with / w*ujc = w ■ Q = I. 
The condition that w{0) £ A D Q further restricts us to the eight discs from 
(11.2). The statement about [ii;|9-D] is obvious, and that about the cokernel is 
a straightforward computation. □ 

Now perturb the equation defining Q slightly, in such a way that out of the 
eight points Q f] {xqXi = 0}, one remains fixed while the others move in a 
generic way. Then if we replace Q by its perturbed version Q' in Lemma 11.4, 
only one of the 8 discs persists, which we call u^o- Take a corresponding slight 
perturbation a'-^ q of crx,o which still generates a quasi-Lefschetz pencil. Then 
Assumptions 8.15 are satisfied: we already verified those concerning Lq and wq, 
and as for those excluding other pseudo-holomorphic maps, part (i) comes out 
of Lemma 11.4; (ii) follows from Lemma 11.2 because a disc w which does not 
intersect A would have zero Maslov number, hence negative virtual dimension; 
and (iii) is obvious, since the wc'-area of any t; : S*^ — > CP^ is a multiple of 4. 
An appeal to Corollary 8.21 completes the proof of Lemma 11.1. 

(lib) As before take X = CP^ with crx,Qoix) = XQX1X2X3, so that the comple- 
ment of Xao can be written as a quotient by the action of r| = {±/, iti/} C 
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(11.4) M = {xeC^ : X0X1X2X3 = l}/n. 

We now specify Xq to be the Fermat quartic ax,o = ji^o + xf + X2 + xf). 
Xq intersects the strata of X^o transversally, and ttm = CFx,o/f^x,oo has 64 
nondegenerate critical points, coming in groups of 16 which he in the same fibre 
(this is not a problem, see Remark 6.4). We take = as our base point, and 
use the same embedded vanishing path for all critical points which lie in a given 
fibre. This yields a collection of 64 vanishing cycles in Mq = Xq \ Xq^oo, divided 
into four groups of 16 mutually disjoint ones. We make them into branes by 
choosing gradings and, for the projective and relative versions of that notion, the 
other additional data. Notation: will be the full Aoo-subcategory of T{Mq) 
whose objects are these vanishing cycles; and Te4,,q, -^64,g corresponding Aoo- 
subcategories of T{Xq), T{Xq, Xq ^x)- From Propositions 8.6 and 8.7 we know 
that ^64,g is a one-parameter deformation of J^q^, and J^Q^^g = .^64,5 ®Am ^Q- 

Lemma 11.5. D''J='{Xo) ^ D''{J='^^g). 

Proof. Corollary 9.6 shows that the vanishing cycles are split-generators for 
D^J^{Xq), and Lemma 2.4 yields the desired conclusion. □ 

Lemma 11.6. J-qa^q, seen as a one-parameter deformation of !Fq4^, is nontrivial 
at first order. 

Proof. We know from Lemma 11.1 that nontriviality is true for the whole of 
!F{Xq, Xq^od)- a closer look at the argument, and in particular at the proof 
of Corollary 8.12, reveals that we have in fact established the assumptions 
of Lemma 3.12, which shows that the deformation remains nontrivial when 
restricted to any subcategory which has enough objects to split-generate the 
whole. □ 

To simplify the geometry of our pencil, consider the action of the group F^g C 
PSLi^{C) of diagonal matrices A satisfying A"^ = I on X. This action is free on 
M; it can be lifted to ox and preserves the Fubini-Study connection, as well as 
<7x,0) cx,oo; and it is compatible with the isomorphism ox = ■ Hence, on the 
quotient M = M/F^g we have an induced symplectic form, a one-form primitive 
for it, a holomorphic volume form, and a function ttj^j- : M — > C. Explicitly, 

M = {noniU2ti3 = 1}, t^kAu) = \{uq + ui + U2 + U3) 

where the coordinates are related to the previous ones by Uk = x^. Since 
F^g permutes the critical points in any given fibre transitively, ttj^j has one 
nondegenerate critical point in each each of the four singular fibres. In other 
words, the 64 vanishing cycles in Mq are all possible lifts of the corresponding 
4 vanishing cycles in the quotient Mq. We need some basic information about 
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the topology of this space: 

7ri(Mo) = {/ieZ4 : /io + --- + /i3 = 0}, 

im{7r2{Mo) Q ^ i?2(Mo; Q)) ^ 

where the first group maps isomorphically to 7ri(M), with the generators hj. 
becoming loops around the coordinates axes Ufc = at infinity; and the second 
is generated by the 4 vanishing cycles. Both things follow from elementary 
Morse and Lefschetz theory, since M ~ is obtained by attaching four 3-cells 
to Mq, which is itself homotopy equivalent to a 2-complex. As explained in 
Section 8b, this means that we have an action of 7ri(A/o)* on a subcategory of 
J-{Mq) which consists of branes with a certain condition on their fundamental 
groups, and in particular contains our vanishing cycles since they are spheres. 
Recall that in Section 10a we considered the group T = H/T^ C PSL{V). If 
one chooses a basis of V making the maximal torus H C SL(y) standard, T 
can be written as (C*)^/C* (the quotient of the group of all diagonal matrices 
by the multiples of the identity) and hence can be identified with 7ri(Mo)*. The 
following is our main computational result, and will be proved later: 

Proposition 11.7. For a suitable choice of the lifts to Mq which define the 
T-action, full A^o- subcategory T/^ C Tijvl^) whose objects are the 4 vanishing 
cycles ofiTfj is T-equivariantly quasi-isomorphic to Q4. 

The covering Mq — > Mq provides an epimorphism 7ri(Mo) ~^ Tie) the dual 
of that is the inclusion of the subgroup Fig ^ T considered in Section 10a. 
Combining the statement above with Lemma 8.2, one finds that 

^64 = ^4 X Tie = Q4 X Tie = 264- 

Since each morphism space UiQ^^Uj is concentrated in a single degree, the one- 
parameter deformation Te^^g necessarily satisfies -ff*(^64,(?) — H*{J^^4) ®£ A^, 
so we can use the Perturbation Lemma to find a quasi-isomorphic deformation 
of Qqa- To complete the argument, consider the symplectic automorphism (p of 
M given by ^(uq, tii, ti2i 1^3) = (^i, U2, U3, uq). This acts fibrewise with respect 
to vr^:^, hence takes each vanishing cycle to itself, but it reverses their orien- 
tation since it acts with determinant —1 on the tangent space to each critical 
point. If we equip (^0 = (^l-^o with a suitable "odd" grading a^^^, it will map 
each vanishing cycle to itself as a graded Lagrangian submanifold. Since it pre- 
serves the complex structure, it is no problem to make (pQ act on the Fukaya 
category, yielding an Aoo-homomorphism VF4 : .7-4 — > ^4 which acts as —1 on 
HF'^{V, V) for each of the four vanishing cycles. This also skew-commutes with 
the T-action up to an automorphism ^ of T, which is simply the dual of the 
action of 4> on tti{M), hence which permutes the coordinates cyclically. Under 
the isomorphism H{T4) = Q4, we can therefore identify H{W/{) with one of 
the automorphisms C/4 considered in Section 10c. (j)Q lifts to an automorphism 
of Mq, (/>o(xo, . . . , 2:3) = (xi, X2, X3, xo), and this extends to the compactifica- 
tion Xq. This means that VF64 = W4 x (^iFig) which can be identified with 
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the action of (f>Q on J^q4, admits a deformation W^^^q to an Aoo-homomorphism 
from J-Qi^q to itself. Together with Lemma 11.6, this means that we have veri- 
fied all the conditions of Lemma 10.4, and therefore can conclude that ^64, q is 
quasi-isomorphic to Q64,g up to some change of parameter in End{A'^)^ . Using 
Lemma 11.5, we obtain: 

Corollary 11.8. There is a ip G End{A^)^ such that 

This is the mirror statement to Corollary 10.12, and by comparing the two, 
Theorem 1.2 follows. 

(11c) It remains to explain Proposition 11.7. Following the strategy from Sec- 
tion 6f, the first step in understanding the geometry of the vanishing cycles is 
to represent them as matching cycles, which involves the choice of a generic 
auxiliary section. Let us momentarily work "upstairs" in M. An ansatz for the 
section is 

(11-6) a'xfl = UCoxl + Cixf + C2xl + ^3x1) 

with pairwise distinct constants £ C*. This always satisfies the first of the 
genericity assumptions, namely {<^xo)~^(^) intersects each stratum of Xq^cc 
transversally. The critical point set of the associated map (6.10) is always 
smooth, 

Crit{bM) = {xt = {s + ^kt)-\ where JJ(s + t^k) = l}- 

k 

The parameter value t = corresponds precisely to the 64 critical points of ttm- 
At those points, Im '■ Crit{bM) — > is an immersion, and its second component 
a'x Q/crx,oo '■ Crit{bM) — > C a simple branched cover, iff the coefficients satisfy 

(11-7) E^l^liE^'^f- 

k k 

Next, bM\Crit{bM) cannot be a generic embedding because it is FJg-invariant, 
but after passing to the quotient we do get a generic embedding 6^ : Crit{bj^) — > 
C^, for elementary reasons: the image C of this map is an irreducible algebraic 
curve in having four distinct points at infinity, and since Critibf-^) has Eu- 
ler characteristic -2, the map cannot be a multiple branch cover. The upshot 
is that the dimensional induction technique from Section 9d can be applied 
"downstairs", meaning to the vanishing cycles of vrj^j. 

Let's get down to concrete numbers. Our choice of weights is = 5/4, = i, 
^2 = —1, ^3 = —i, which satisfies (11.7). The branch curve (determined by 
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computer using elimination theory) is 

C = {128000z^2 - 76800z"tt; + 92160z^'^w'^ - 1085Uz^w^ - 258048z*w;'^ 

+ SeOiez^if^ - 112640z^w^ + UlSUz^w'^ + 211968z^'u;* - 25600z^w^ 

+ 36864:z^w^^ - 49152zu;" - 65536^^^ - 391307z* + 180632z'^it; 

+ 1940z^w'^ - 5031122^^3 _ 2102866^^^'^ + Ab7512z^w^ - 12276Az^w^ 

- 102904zw;^ - 251483'u;* + 399430z^ - 106312^^ it; - 155028z^u;^ 

- 53752z'u;3 - 320858tt;'' - 136161 = 0}. 

Figure 4 shows the z-plane C with the 4 points of Critv^nfj) = {ibl,ibi}, as 
well the 40 points of Fakev^TT^-i). Luckily, none of the latter lie on [—1; 1] or 
i[— 1; 1], so we can take the basis of embedded critical paths which are straight 
lines 6fc(t) = i'^~^t, k = 1, ... ,4. Denote by Vh^. C Mq the resulting vanishing 
cycles. We now turn to the function 

(11.8) Qmo = lY.^^""^ ■ = vr^/(0) C, 

k 

which is also a quasi-Lefschetz fibration (or more accurately, the FJg-quotient of 
such a fibration on Mq). Figure 5 shows its basis C with the 12 critical values, 
which are also the points of C n {z = 0}, and the matching paths dk obtained 
from the braid monodromy of C over b^. The associated matching cycles are 
our vanishing cycles: Vfe^. ~ Erf^.. 

Taking as a base point, choose a base path and a basis of vanishing paths 
ci, . . . , ci2 for (11.8) as indicated in Figure 6. This gives rise to vanishing cycles 
Vcf, C Mo,o = Qfi^^i^)^ which are simple closed loops on a four-pointed genus 
three Riemann surface. 

Remark 11.9. // one took = i'' instead, condition (11.7) would be violated 
but the structure of qq^ would be much simpler: it would have 4 degenerate 
critical points of type A-^. The actually chosen are a small perturbation of 
these values, in the sense that one can still recognize the groups of 3 critical 
points obtained by "morsifying" the degenerate singularities. This allows one 
to choose the vanishing paths Ck in such a way as to minimize the intersections 
between the vanishing cycles in each group. 

Let be the directed ^oo-subcategory of the Fukaya category of Mo,o whose 
objects are the Vcf.. From the restriction of the universal cover of Mq, we get an 
action of 7ri(Mo)* —T on this ^oo-category. The equivariant version of Theorem 
9.7 shows that is equivariantly quasi-isomorphic to the full ^00-subcategory 
of Twt{J^i2) whose objects are the following four equivariant twisted complexes. 
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obtained by applying the rules from Section 9d to the paths from Figures 5, 6: 

Sa = {Tv^Tv^Tv^TvjV,,) V,,,} 

where {•••—>•••} is the cone over the lowest degree nonzero morphism, which 
is unique up to a C* multiple. Actually, that morphism may not have degree 
zero, or it may not be T-invariant, so one needs to change one of the two objects 
forming the cone by a translation and tensoring with a suitable T-character. In 
that sense, the formulae given (11.9) are not entirely precise, but the appropriate 
corrections can not yet be determined at this stage in the computation. 

The next step is to determine or rather a directed ^cxD-category quasi- 
isomorphic to it, using the combinatorial description of directed Fukaya cate- 
gories on Riemann surfaces. Following the procedure described in Section 9e, 
we take a compact piece C Mo,o which is a surface with boundary and a 
deformation retract. Figure 7 shows a decomposition of N into eight polygons 
(I)-(VIII), with the solid lines the actual dN, and the dashed lines to be glued 
to the boundaries of other polygons as indicated. Mo,o inherits the structure 
of an affine Calabi-Yau from M, and Figure 8 shows an unoriented foliation on 
N lying in the same homotopy class as the distinguished trivialization of the 
squared canonical bundle. Moreover, restriction 

ZVZ(1, 1, 1, 1) = H\M) H\Mo,o) 

gives four canonical elements of H^{N) whose sum is zero; the Poincare duals 
of the first three elements are represented by the one-cycles x, y, z in (iV, dN) 
shown in Figure 9. Figures 10-17 show simple closed curves isotopic to the 
vanishing cycles , drawn on each of the eight polygons which make up N. 

Remark 11.10. These pictures were arrived at by an application of braid mon- 
odromy (in one dimension lower than before), which means that we introduce 
another auxiliary holomorphic function on Mq, whose restriction to any generic 
fibre of qfj^ represents that surface as a branched cover with only simple branch 
points. The function we use is simply a projection 

i"A%iu) = U2 G C*, 

making Mq.o ^'^^o o fourfold branched cover of C* with eight simple branch 
points. Cutting the base of that into suitable pieces gives rise to our decom- 
position of N into polygons. Elimination theory is used to compute the branch 
curve of 

('?Mo'^Mo):^o,o^CxC*, 
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and from that one obtains the vanishing cycles Vc^ , • • • , V^i2 • We have omitted 
the details of this step, since it is essentially topological, and completely parallel 
to the procedure which led to the paths 61 , . . . , 64 in Figure 5. 

When drawing the v^, there is some freedom in their relative position with 
respect to each other. The only constraint, which comes from exactness, says 
that we should be able to assign positive areas to the connected components 
of N\y]^Vk such that the two-chains which represent relations between the 
have signed area zero. In fact, as explained in Remark 9.8, not all relations need 
to be considered; in our case (11.5) shows that there are three essential ones. 
These can be read off from (11.9) and the intersection numbers of the v^, and 
are 

1^5 + 1^8 + i^io - 1^1 - z^2 - ~ 0, 

(11.10) 1^3 + 1^5 + ^^7 - 1^10 - i^ii - 1^12 ~ 0, 

+ V2 + va - - I's - 1^0 ^ 0. 

After having drawn the relevant two-chains explicitly in Figures 10-17, one 
realizes that for each of them, there are pieces of \ Vk which appear in 
it with either sign, and which do not appear in the other two-chains. This 
means that the configuration of curves Uk can indeed be used as basis for the 
computation. 

Choose gradings and Spin structures for the i/^, lifts to the abelian covering of 
N induced from tti{N) = 7ri(Mo,o) ~^ ^i(-^-^o)) Suud identifications — C for 
each intersection point of H vi with k < I. One can then list all intersection 
points with their (Maslov index) degrees as well as their (T-action) weights. 
This is done in Tables 1 and 2, where the notation is that 

(11.11) mVy^'z^ 

is an intersection point with Maslov index d, and on which [x, y, z,l] £ T 
acts as x°'y^z'^, respectively. By inspecting the table, one sees that different 
intersection points of the same H are always distinguished by {a,b,c,d). 
We may therefore denote the generator of homc^ {v^, vi) given by an intersection 
point (11.11) by 

Vk n vi : m'^x°-y^z''. 

The next step is to count all immersed holomorphic polygons which have sides 
on the Vk (in the correct order), with the appropriate signs. The outcome of 
that are the composition maps fi'^ of . It turns out that only /i^ , are 
nonzero; their coefficients are listed in Tables 3 and 4. 

Remark 11.11. The T-action is actually a big bonus in this computation, since 
the fact that the fi"^ have to be homogeneous means that a lot of their coefficients 
have to vanish. For instance, the fact that fi"^ = for d > 3 follows by inspection 
of the list of T -weights of the intersection points, so one does not need to verify 
geometrically that there are no immersed pentagons, hexagons, and so forth. 
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At this point, we can write down the objects Sk from (11.9), or rather the 
corresponding objects Ck in TwTiC^), more explicitly. They are 

Ci = i^-siMix) e i^5{y) © T^riyz) © i^io{x~^y) © i^u[-l]{y) © z^i2[-l], 
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where h'k[d]{x'^y z^) means the object shifted down by d, and tensored with 
the one-dimensional representation of T on which [x, y, z, 1] acts as x~°'y~^z~'^. 

It is now easy to compute exphcitly the full Aoo-subcategory of TwtC^ consist- 
ing of these four equivariant twisted complexes Ck- More precisely, one verifies 
(by computer) first that the cohomology of this subcategory is T-equivariantly 
isomorphic to Q4 and then, following the indications in Remark 10.2, that a 
suitable fourth order Massey product is nonzero, which implies that our full sub- 
category is T-equivariantly quasi-isomorphic to Q4. By Theorem 9.7, or rather 
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the equivariant version of it explained in Section 9f, we have a T-equivariant 
quasi- isomorphism of our subcategory with ^4, and this completes the proof of 
Proposition 11.7. 



o 



/\ 



bi 



->- 



Figure 4. The actual (•) and fake (o) critical points of ttj^, 
together with our choice of vanishing paths 61, . . . , 64. The image 
has been distorted for better legibility. 
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Figure 5 . The four matching paths obtained from the vanishing 
paths in Figure 4 by braid monodromy. These were drawn using 
a computer to watch how the points of C Ci {z = bk{t)} move in 
C as one goes along the vanishing paths. The picture would be 
Z/4-symmetric if we hadn't moved the paths by an isotopy, so 
as to avoid the future base path (the dashed line). 
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Figure 6. The base path and the 12 vanishing paths ci, . . . , ci2 
(ordered as they must be, clockwise with respect to the deriva- 
tives at the base point). 
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Figure 7. 
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Figure 8. 
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Figure 9. 
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Figure 11. 
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Figure 13. 
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Figure 15. 
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Table 1. The points of Uk n i^i for 1 < k < 6 and / > k, with 
their Maslov indices and T-action weights. 
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Table 2. The points of u^rwi ior 7 <k < 12 and / > k, with 
their Maslov indices and T-action weights. 
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n 


V5 


V-A 


n 


V6 


fA 


n 


Ve, 


VA 


n 


Vs 


va 


n 


Vs 


fA 


n 


Vs 


Va 


n 


Vs 


Va 


n 


V9 


VA 


n 


V9 


Va 


n 


Vll 


Va 


n 


Vll 


Vl 


n 


Va 


Vl 


n 


Va 


Vl 


n 


V5 


Vl 


n 


V7 


Vl 


n 


Vs 


Vl 


n 


Vs 


Vl 


n 


V5 


Vl 


n 


V5 


V2 


n 


Ve 


V2 


n 


vs 


V2 


n 


V9 


V2 


n 


V9 



myz 
myz 

Z-' 



mx z 
mx^^z 
1 

x-^y 

my^^z^^ 

mx~^y^^ 



mx ^ 
mx~'^z 



mz 

mx~ 

mx~ 'z 

mx~^y' 

mx~^y' 
■ 2 



yz 



my 
mx^^y^ 
: mx~^y~ 
: mx~'^ 
x-^y 
x^^y 

x^^yz^^ 
1 



yz 

my^^z^^ 
my^^ z^^ 

■■ yz~^ 

: 1 
1 

X 

1 

X 



xy ^z ^ 



X '• 

1 

my' 
Z-' 
my~ 
my~ 



V7 n VlO 

V7 n VlO 

vg n VlO 
vs n VlO 
vs n Vll 
VA n Vll 

Va n Vll 
Va n Vll 

Vs n Vll 
V5 n Vll 

Ve n Vll 
Ve n Vll 
Ve n Vll 
Ve n Vll 

V7 n Vll 
V7 n Vll 
V7 n Vll 
V7 n Vll 
vs n Vll 

Va n Vll 
Vg n Vll 
Vg n Vll 

VlO n 1^11 
VlO n Vll 
V5 n vi2 
Vs n V12 

Ve n V12 
Ve n Vi2 

vs n V12 
vs n V12 

Vs n Vi2 

Vs n V12 

Vg n Vi2 
Vg n V12 

Vll n 1^12 
1^11 n vi2 

Va n Vll 
Va n Vll 

V5 n Vll 
V7 n Vll 
vs n Vll 
vs n Vll 
Vs n V12 
Vs n V12 

Ve n Vi2 

Vs n V12 

vg n V12 
Vg n Vi2 



X y z 
y-'z-' 
mx ^ z 
mx~ z 
x~^y 
1 

Z-' 

xy^^ z^^ 
my'^ 
my'^ 
z 

X 

z 

y 

xy^^ z^^ 

y-^z-^ 

y-'z-' 

z-^ 

V 

X 

y 
y 

: X 
: X 

mxy~^z~^ 

mxy~^ 

mxy~^ 

mxy~^ 

my~^z 

mxy~ 

m 

mxy^^ 

y 

z 



: my 

: my' 

xz" 
-1 



-1 



-1 



z 
xz 
z 

X 

y 

mxy 
my' 
z 

my' 

y 

z 



n VlO 
n VlO 
n VlO 
n VlO 
n Vll 
n Vll 
n Vll 
n Vll 
nvii 
nvii 
nvii 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 
V2 n Vll 

Va n Vi2 
Va n Vi2 

Va n V12 

Va n Vi2 
VA n Vl2 
Va n Vi2 
VA n Vl2 
Va n Vi2 
Va n Vi2 
VA n Vl2 
VA n Vi2 
VA n Vi2 

Vl n Vll 
Vl n Vll 
Vl n Vll 
Vl n Vll 
Vl n Vll 
Vl n Vll 
V2 n V12 

V2 n Vi2 
V2 n Vi2 
V2 n Vl2 
V2 n Vi2 
V2 n Vl2 



mx 

m 

m 

mx' 

mx 

my 

mx 

my' 

my 

mx 

my' 

my 

mx 

mx 

my 

my 

mx 

mx 

mx 

my' 

my' 

mx 

my' 

mx' 

mz' 

my 

my 

mz' 

my' 

my' 

mz' 

mz' 

mz' 

my 

mz' 

my' 

xz' 

xz' 

xz' 

xz~ 

xz~ 

xz' 

my' 

my' 

my 

my' 

my' 

my' 



Table 3. Products /i^ in the directed ^00-category The 
notation means that /i^(a2,ai) = ±6. 
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ai 

n 1^2 : 
1^2 n 1^4 : 

Ut Hi's ■ 
vs n vw 

Pi n U2 
n U2 
V2 n v-i 
V2 n vi 

i^i n V2 
v\ n 1^2 

n 

1^2 n 

«^2 n 
i^2 n 1^4 

V2 n 1^4 

n 

i^4 n 

i^4 n 

Vb n I'lo 

1^4 n 1^5 : 

i^4 n 1^5 : 

1^4 n 1^8 : 

1^4 n I'g : 

v^Vw-j : 

n 1^7 : 

n 1^7 : 

n 1^7 : 

n 1^8 : 

1^1 n 1^2 : 

«^2 n I'lo 

1^1 n 1^2 : 
viVwi 

1^1 n 1^2 : 

n 1^5 : 

i^i n 1^5 : 

i^2 n 1^3 : 

«^2 n 1^3 : 

«^2 n 1^3 : 

1^2 n !^3 : 

1^2 n : 

«^2 n : 

1^2 n 1^4 : 

1^2 n 1^4 : 

«^3 n : 

«^3 n 1^5 : 



as 



b 

ui Hi's ■ 
1^2 n 1^6 : 
1^4 n !^8 : 

fr n z^ii 

!^8 n 1^12 

1^1 n !^8 
n 1^8 

1^2 n !^7 

i^2 n 1^9 
i^i n !^8 
i^i n 

Vl n !^8 

vi n 1^8 

1^2 n 1^9 

«^2 n 1^9 

i^2 n 1^9 

«^2 n !^9 

v-i n 1^8 
1^4 n v\\ 
Vi n 1^11 
n vio 

Vb n !^12 
n !^12 

1^4 n v\\ 
Vi n z^ii 
i^4 n v\i 
V4, n 1^11 
Vb n 1^12 

Vb n 1^12 
n 1^12 
f6 n 1^11 
vi n z^ii 

«^2 n V\2 

1^1 n 1^11 
n 1^11 
ui n z^ii 
ui n z^ii 
n uii 

V2 n !^10 

1^2 n 1^10 
V2 n I'lo 
V2 n 1^10 
«^2 n vio 

V2 n Z^IO 

1^2 n 1^12 

V2 n 1^12 

vz n 
«^3 n v\\ 
v\ n 1^11 



± 



-1 . 



X 

rax ' z 
1 

mz 



-1 _ 



: mx 

X 
X 

my~ 

mz 

mx~ 

X 
X 
X 

y 



mx z 
x-^y 
1 
1 

my^^z^^ 
: my"^ 
: mx~^ 
1 
1 

xy~^z~^ 

2-1 

mz 
mz 
mz 
mz 
1 

: mx~^ 

X 
X 
X 

y 

X 

my 
my 
my 
my 
my 



mx 



mx 
x~^y 
x~^y 
xz~^ 



n 1^3 : 

!/4 n 1^5 : 

Vb n V(, : 

Ut r\vs : 

!/8 n 1^9 : 

1^10 n uii 

n 1^3 : 

!^2 n J^3 : 

usnfb ■■ 

1/7 nvs '■ 

1/7 nvs '■ 

U2nu(i : 

U2r\V(i : 

VbCwe, : 

i^4,nub : 

!^4 n 1^5 : 

!^4 n 1^8 : 

UiHus ■ 

V5 n V7 ■ 

Vb n Vti : 

Vb n ■ 

n 1^8 : 

1/10 n 

Ub n !^9 : 

n 1^9 : 

!^8 n 1^9 : 

UsHi/g : 

V7 nvg, : 

V7 nvs : 

V7 n v\\ 

V7 n 

n I'lo 

!^2 n !^3 : 

!^io n vii 

!^2 n J/g : 

!/2 n 1^6 : 

1^2 n J^9 : 

i/5 n 1^6 : 

n 1^6 : 

n 1^5 : 

usCWb : 

usCws, : 

vz^vs, : 

n J^8 : 

vaCws ■■ 

V4,f^vs 

//4 n z^8 : 

n V7 : 

i/b r\ 1/7 : 

i/sni/9 : 



my 
1 

my-^ 
y-^z' 
my-'' 
: X 

my'' 

my-' 
— 1 

X 



y 

y-'z-^ 

y-'z-' 

my ^2 

mx'^'z' 

my'^^z' 

my-'^z- 

1 

1 

xy'^'z^' 

7712 

my-^z- 



my 
1 

: X 
: X 

mxy^'^z^' 

my-'^z-^ 

my-^ 

my'^ 

y-'z-^ 

y-'z-' 

: xy ^ z 1 
:2-i 
: mx-^z 
my-^ 



my 2 
my-'^z-^ 
my-i--i 



my 2 
x-'-y 

2-1 



-1 



yz 



x 
1 
1 

xy^''z^ 

2-1 
7712 

mz 
my-'' 



i/zHi/b ■■ 
i/br\i/6 ■ 
i/efli/g : 
i/sfli/g : 

i/i) n 1/11 '■ 
1/11 n 1/12 

i/zPii/s : 
uzHus : 

l/bf^l/7- 

i/sHi/g : 
i/gf^i/'j ■ 
i/eHi/s : 
i/aCii/s : 
i/ani/s: 
i/eHi/g : 
i/bni/9 : 
i/bHi/g : 
i/sDi/g : 
i/gHi/g : 
1/7 n i/g : 
1/6 n 1/11 : 
1/6 n 1/11 : 
1^8 n 1/10 : 

1/11 n 1/12 
1/11 n V12 

1/9 n uii : 
1/9 n : 
1^9 n 1/11 : 
!^9 n Uii : 
1^8 n !/l2 : 
1/S n !/12 : 

1/11 n !^i2 
n 1/12 
1/10 n 

1^3 n 1/11 : 

I'll n !^i2 
1/6 n !^ii 
1^6 n 1/11 
1/9 n !/ii 

i/e n !/ii 

n 1/11 
i/b n !/io 

n 1/10 
i/s n !/io 
1/8 n !/io 
1^8 n 1/10 
1/8 n !/io 
1^8 n 1/12 
1/8 n !^i2 
1/7 n !/ii 
1^7 n !^ii 
1/9 n !^ii 



1 

my~ 

■ y 



my 

x^''yz^^ 
2-1 



-1 



7712 

TTiy-i 
TTiy-i 

1 
1 
1 
1 

r7iy-i2-i 
77i2;y-^2-i 

TTiy-l 

my^^ 
y-'z-' 

■ y 

: X 

: mx^''z 
: my'^ 
: my'^ 

y 
y 
y 
y 

m 

mxy-^ 
: my-^ 
: my-^ 
: X 

-1 

yz 

: my''' 

X 

y 
y 

X 

y 

771X-1 
7712/-1 

m2:-i2 



mx 2 
7nj;-i2 
m 

mxy-^ 
2-1 

xy-i2- 

y 



my 

:y-i2-i 
: 77iy I2 

2-1 

xy-'^z'^ 
mx^'-z 
my-'^ 



-1 



-1 



mx y 

xy^'-z'^ 
2-1 

xy'''z'^ 
2-1 

ma;-iy-i 

my-'^ 

my-'^ 

mx^'^y'^ 
x-i 
2-1 

a;y-i2-i 
777a;- ?/- 

— 2 

mxy 
my'^ 
a;j/-i2-i 
2-1 

a;j/-i2-i 
2-1 



my 

mxy^ 

mxy^ 

my-^ 

2 

a;2-i 
777y-i 
a;2-i 
xz' 
xz' 
xz' 
xz' 



mx 



mx^'^y'^ 

mx^'^y'^ 

mx-^ 

mx-'^y'^ 

mx-^ 



my 
my' 
x-\ 
1 



+ 



+ 
+ 
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x'^y 

x'^yz' 

z-^ 

X 

y 



mx^^z 
mx^^yz 
mz 
mz 



mx 



yz 



n z^io : mx 
V5 n vio : my^^ 
vg n uio : mx^^z 
1^8 n i/io : mx~^z 
Us nug : my~^z~^ 
V5 nug : mxy~'^z~^ 
UiCWi : 1 
U4, n I'll : xz^^ 
urHus : y^^z^^ 
v-jnvg,: y~^z^^ 
V7 n i/ii : z~^ 
V7 n I'll : xy^^z^^ 



vio n z^ii 

uio n I'll 
I'lo n I'll 
I'lo n I'll 

vg n I'll : 

Vg n 1^11 : 

I's n ■ 
I'll n i'i2 
I's n vi2 ■ 

Us n Ui2 : 

I'll n i'i2 
I'll n i'i2 



: x 
: x 
: X 
: X 

y 
y 

mxy~ 
: my' 
mxy' 
m 

: my~ 
: my~ 



Table 4. Products fi^ in 
the previous table. 



I's n I'll 
Ki n I'll 
Ki n I'll 
I's n I'll 
I'l n I'll 
I'l n I'll 
i'2 n i'i2 
i'2 n i'i2 
i'2 n i'i2 
i'2 n i'i2 
i'2 n i'i2 
i'2 n i'i2 



■my 

my' 

my' 

my' 

my' 

my' 



C{^, written in the 



same way as m 
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